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CHAPTER I 
I N T R O D U C T I O N 
I n o r d e r t h a t t h e i n v e s t i g a t i o n d e s c r i b e d i n t h e f o l l o w i n g p a g e s 
may a p p e a r i n i t s p r o p e r p e r s p e c t i v e , i t s h o u l d b e v i e w e d as a p a r t o f 
a m o r e a m b i t i o u s u n d e r t a k i n g w h o s e g o a l s a r e as f o l l o w s : 
(1) t h e s o l u t i o n o f c e r t a i n i n f i n i t e s y s t e m s o f f i r s t - and 
s e c o n d - o r d e r l i n e a r o r d i n a r y d i f f e r e n t i a l e q u a t i o n s w i t h c o n s t a n t 
c o e f f i c i e n t s ; 
(2) t h e i n v e s t i g a t i o n o f p h y s i c a l phenomena o f w h i c h s u c h 
s y s t e m s a r e t h o u g h t t o be a p p r o p r i a t e m a t h e m a t i c a l m o d e l s ; and 
(3) t h e u s e o f t h e s o l u t i o n s o f t h e i n f i n i t e s y s t e m s as 
a p p r o x i m a t i o n s t o t h e m o r e cumbersome s o l u t i o n s o f r e l a t e d f i n i t e 
s y s t e m s i n v o l v i n g many e q u a t i o n s ( p e r h a p s s e v e r a l h u n d r e d t h o u s a n d ) . 
A m e t h o d w h i c h has p r o v e d s u c c e s s f u l i n s o l v i n g some t e c h n i c a l l y 
s i g n i f i c a n t i n f i n i t e s y s t e m s o f o r d i n a r y d i f f e r e n t i a l e q u a t i o n s c o n ­
s i s t s o f t r u n c a t i n g t h e i n f i n i t e s y s t e m a f t e r K e q u a t i o n s , s o l v i n g 
t h e r e s u l t i n g f i n i t e s y s t e m , and t h e n a l l o w i n g K t o i n c r e a s e w i t h o u t 
b o u n d . I n s o l v i n g t h e f i n i t e s y s t e m , i t i s n e c e s s a r y t o know t h e 
z e r o s o f t h e c o r r e s p o n d i n g s e c u l a r p o l y n o m i a l . F o r v a r i o u s p h y s i c a l 
s y s t e m s i n v o l v i n g o n l y l i n e a r n e a r e s t - n e i g h b o r c o u p l i n g , t h e s e c u l a r 
p o l y n o m i a l s c o r r e s p o n d i n g t o i n c r e a s i n g v a l u e s o f K a r e e l e m e n t s o f a 
s e q u e n c e { ^ ( x ^ ^ o °^ p o l y n o m i a l s g e n e r a t e d b y a t h r e e - t e r m r e c u r ­
s i v e r e l a t i o n o f t h e f o r m 
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f0M • i , . (i) 
Tl(x) = Aox + B Q , 
' W x ) = < V + * n K M - CnVl(x)' n * 1 > 
i n w h i c h A 0 and A C ^ 0 ( n > l ) . H e r e b o t h x and t h e c o e f f i c i e n t s 
o ' n n ' -
A ^ , B^ , C^ may be c o m p l e x . I f t h e p o l y n o m i a l s g e n e r a t e d b y ( l ) a r e 
S t u r m - L i o u v i l l e p o l y n o m i a l s a s s o c i a t e d w i t h a s e c o n d - o r d e r o r d i n a r y 
d i f f e r e n t i a l e q u a t i o n , much i s known a b o u t t h e i r z e r o s . I n o r d e r t o 
t a k e a d v a n t a g e o f t h i s k n o w l e d g e i n p r o s e c u t i n g t h e l a r g e r p r o j e c t o f 
w h i c h t h e p r e s e n t s t u d y i s a p a r t , i t seemed d e s i r a b l e t o i n v e s t i g a t e 
S t u r m - L i o u v i l l e p o l y n o m i a l s w h i c h a r e r e c u r s i v e l y g e n e r a t e d and t h e n 
t o b e g i n t h e s t u d y o f i n f i n i t e s y s t e m s o f o r d i n a r y d i f f e r e n t i a l 
e q u a t i o n s b y f i r s t c o n s i d e r i n g s y s t e m s w h i c h , when t r u n c a t e d , h a v e 
s u c h p o l y n o m i a l s as t h e i r s e c u l a r p o l y n o m i a l s . 
T h e r e s u l t s o f t h e s t u d y o f r e c u r s i v e l y g e n e r a t e d S t u r m -
L i o u v i l l e p o l y n o m i a l s a r e c o n t a i n e d i n t h e d o c t o r a l d i s s e r t a t i o n o f 
J . W. J a y n e [ 2 ] , o f w h i c h t h e p r e s e n t p a p e r makes e x t e n s i v e u s e . 
I t i s assumed t h a t t h e r e a d e r i s f a m i l i a r w i t h J a y n e ' s w o r k ; and 
w h e r e v e r p o s s i b l e , t h e n o t a t i o n u s e d h e r e a g r e e s w i t h h i s . 
J a y n e s h o w e d 
( l ) t h a t i f an i n f i n i t e s e q u e n c e o f S t u r m - L i o u v i l l e p o l y ­
n o m i a l s a s s o c i a t e d w i t h a l i n e a r o r d i n a r y d i f f e r e n t i a l e q u a t i o n o f 
t h e s e c o n d o r d e r i s g e n e r a t e d b y t h e r e c u r s i v e r e l a t i o n . ( l ) , t h e n 
t h e p o l y n o m i a l s o f t h e s e q u e n c e a r e o f one o f f o u r t y p e s ( H e r m i t e , 
3 
e x t e n d e d g e n e r a l i z e d L a g u e r r e , g e n e r a l i z e d B e s s e l , o r g e n e r a l i z e d 
J a c o b i ) ; and 
(2 ) t h a t f o r p h y s i c a l s y s t e m s o f w h i c h t h e d i s s i p a t i o n l e s s 
m a s s - s p r i n g c o m b i n a t i o n i s t h e p r o t o t y p e , t h e o n l y i n f i n i t e s e q u e n c e s 
o f s e c o n d - o r d e r S t u r m - L i o u v i l l e s e c u l a r p o l y n o m i a l s w h i c h can b e 
g e n e r a t e d b y s u c c e s s i v e l y i n c r e a s i n g t h e s i z e o f t h e s y s t e m a r e o f 
L a g u e r r e o r J a c o b i t y p e . 
He a l s o r a i s e d t h e f o l l o w i n g q u e s t i o n [ 2 , p . 2 8 ] : 
F o r an a r b i t r a r y p r e a s s i g n e d p o s i t i v e i n t e g e r N , i s i t p o s s i b l e 
t o c o n s t r u c t s u c c e s s i v e l y l a r g e r s p r i n g - m a s s s y s t e m s o f o r d e r u p t o 
and i n c l u d i n g N f o r e a c h o f w h i c h t h e s e c u l a r p o l y n o m i a l i s o f H e r m i t e 
o r B e s s e l t y p e ? 
T h o u g h t h e q u e s t i o n a r o s e i n i t i a l l y s i m p l y as a m a t t e r o f i n t e l l e c t u a l 
c u r i o s i t y , f r o m t h e s t a n d p o i n t o f p h y s i c a l a p p l i c a t i o n s a n a n s w e r 
t o i t was d e s i r a b l e f o r t h e f o l l o w i n g r e a s o n : T h e s t u d y o f i n f i n i t e 
s y s t e m s o f d i f f e r e n t i a l e q u a t i o n s w h i c h , when t r u n c a t e d , l e a d t o 
H e r m i t e o r B e s s e l s e c u l a r p o l y n o m i a l s w o u l d h o l d l i t t l e p r o m i s e o f 
a p p l i c a b i l i t y u n l e s s p h y s i c a l s y s t e m s o c c u r i n w h i c h t h e s e c u l a r p o l y ­
n o m i a l i s a H e r m i t e o r B e s s e l p o l y n o m i a l o f h i g h d e g r e e . T h u s , an 
a n s w e r t o t h e q u e s t i o n w o u l d s e r v e as a g u i d e f o r f u t u r e e f f o r t . 
I n t h e p r e s e n t s t u d y t h i s q u e s t i o n i s a n s w e r e d a f f i r m a t i v e l y . 
V a r i o u s a d d i t i o n a l q u e s t i o n s w h i c h a r o s e as t h e s t u d y p r o g r e s s e d a r e 
o u t l i n e d i n t h e n e x t f e w p a r a g r a p h s . 
As a p r e l u d e t o t h a t o u t l i n e , t h e r e a d e r i s a s k e d t o b e a r i n 
m i n d t h a t t h e e s s e n t i a l d i f f e r e n c e b e t w e e n t h e t h e o r y and a p p l i c a t i o n s 
d e v e l o p e d b y J a y n e [2 ] and t h o s e t o b e p r e s e n t e d h e r e i s t h a t J a y n e 
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d e a l t w i t h i n f i r t r t e s e q u e n c e s o f S t u r m - L i o u v i l l e p o l y n o m i a l s g e n e r a t e d 
b y t h e r e c u r s i v e f o r m u l a ( l ) w h i l e t h e p r e s e n t s t u d y i s c o n c e r n e d w i t h 
f i n i t e s e q u e n c e s o f S t u r m - L i o u v i l l e p o l y n o m i a l s g e n e r a t e d b y ( l ) . I n 
t h e s e q u e l s u c h f i n i t e s e q u e n c e s a r e r e f e r r e d t o as p r o p e r t h r e e - t e r m 
r e c u r s i v e f i n i t e S t u r m - L i o u v i l l e p o l y n o m i a l s e q u e n c e s . T h e a d j e c t i v e 
p r o p e r i s p r e f i x e d t o e m p h a s i z e t h e r e q u i r e m e n t t h a t no n o r i n 
(1) may be z e r o . 
I n C h a p t e r I I t h e o r e m s and d e f i n i t i o n s n e c e s s a r y f o r t h e l a t e r 
w o r k a r e s t a t e d . T h e m a t e r i a l p r e s e n t e d i s much l i k e a s y n o p s i s o f 
C h a p t e r I I o f [ 2 ] 5 t h e o n l y e s s e n t i a l d i f f e r e n c e i s t h a t i n d i c e s h a v e 
a f i n i t e r a t h e r t h a n an i n f i n i t e r a n g e . P r o o f s o f t h e t h e o r e m s a r e 
o m i t t e d s i n c e t h e y a r e , e x c e p t f o r a p p r o p r i a t e c h a n g e s i n t h e r a n g e o f 
t h e i n d i c e s , i d e n t i c a l t o t h o s e i n [ 2 ] . 
C h a p t e r I I I a n s w e r s a f f i r m a t i v e l y t h e f o l l o w i n g q u e s t i o n s 
I f a f i n i t e s e q u e n c e o f S t u r m - L i o u v i l l e p o l y n o m i a l s i s r e c u r s i v e l y 
g e n e r a t e d b y ( l ) , can t h e p o l y n o m i a l s b e o f t y p e s o t h e r t h a n H e r m i t e , 
e x t e n d e d g e n e r a l i z e d L a g u e r r e , e x t e n d e d g e n e r a l i z e d B e s s e l , o r 
g e n e r a l i z e d J a c o b i ? S i n c e t h e a n s w e r i s somewhat d e t a i l e d , t h e 
r e a d e r i s r e f e r r e d t o t h e l a s t f e w p a g e s o f t h e c h a p t e r . N e c e s s a r y 
and s u f f i c i e n t c o n d i t i o n s t h a t a p r o p e r t h r e e - t e r m r e c u r s i v e f i n i t e 
S t u r m - L i o u v i l l e p o l y n o m i a l s e q u e n c e b e — a s i d e f r o m a p o s s i b l e 
l i n e a r c h a n g e o f v a r i a b l e and n o n z e r o m u l t i p l i c a t i v e f a c t o r s — a 
s e q u e n c e o f H e r m i t e , e x t e n d e d g e n e r a l i z e d L a g u e r r e , e x t e n d e d g e n e r a l i z e d 
B e s s e l , o r g e n e r a l i z e d J a c o b i p o l y n o m i a l s a r e a l s o s t a t e d and p r o v e d . 
A c o m p l e t e m a t h e m a t i c a l c l a s s i f i c a t i o n o f a l l p r o p e r t h r e e - t e r m 
r e c u r s i v e f i n i t e S t u r m - L i o u v i l l e p o l y n o m i a l s e q u e n c e s i s m a d e , 
b u t t h e c h a p t e r i s n o t c o n c e r n e d w i t h p h y s i c a l r e a l i z a b i l i t y . 
C h a p t e r I V i s a d d r e s s e d t o t h e s i m p l i f i c a t i o n o f c e r t a i n 
t h e o r e m s a p p e a r i n g i n C h a p t e r I I I . More s p e c i f i c a l l y , a r e l e v a n t 
d i f f e r e n c e e q u a t i o n i s s o l v e d i n o r d e r t o f a c i l i t a t e a p p l i c a t i o n o f 
t h o s e t h e o r e m s . I t i s p o i n t e d o u t how t h e t h e o r e m s may be u s e d t o 
d e c i d e w h e t h e r a g i v e n s p r i n g - m a s s s y s t e m i s o f H e r m i t e , L a g u e r r e , 
B e s s e l , o r J a c o b i t y p e ; and g r o u n d w o r k i s l a i d f o r C h a p t e r V , i n 
w h i c h i t i s shown t h a t s p r i n g - m a s s s y s t e m s h a v i n g N* * 1 d e g r e e 
s e c u l a r p o l y n o m i a l s o f H e r m i t e , L a g u e r r e , B e s s e l , o r J a c o b i t y p e 
a r e p h y s i c a l l y r e a l i z a b l e (N b e i n g p r e a s s i g n e d ) . 
I n C h a p t e r V I n u m e r i c a l e x a m p l e s a r e g i v e n , and comments a r e 
made on t h e somewhat s u b j e c t i v e q u e s t i o n o f how " r e a l i s t i c " t h e 
p h y s i c a l l y r e a l i z a b l e s y s t e m s d e s c r i b e d i n C h a p t e r V a c t u a l l y a r e . 
F i n a l l y , t h e r e i s a b r i e f d i s c u s s i o n o f t h e p o s s i b i l i t y o f d e v i s i n g 
an e f f i c i e n t n u m e r i c a l p r o c e d u r e f o r c o n s t r u c t i n g " r e a l i s t i c " 
p h y s i c a l s y s t e m s o f t h e t y p e s known f r o m C h a p t e r V t o be r e a l i z a b l e . 
C h a p t e r V I I i s a b r i e f r e s u m e ' o f a l l m a j o r r e s u l t s o f p r e ­
c e d i n g c h a p t e r s . I t a p p e a r s f o r t h e c o n v e n i e n c e o f t h e r e a d e r . 
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CHAPTER I I 
P R E L I M I N A R Y THEOREMS AND D E F I N I T I O N S 
L e t N be an i n t e g e r g r e a t e r t h a n o r e q u a l t o t h r e e and l e t 
{ ^ n ^ l n - o k e a f i n i t e p o l y n o m i a l s e q u e n c e g e n e r a t e d as i n ( l ) . D e f i ' 
n i t i o n s and t h e o r e m s p e r t a i n i n g t o t h i s s e q u e n c e w h i c h w i l l be needed 
i n l a t e r w o r k a r e s t a t e d i n t h i s c h a p t e r . T h e m o s t i m p o r t a n t t h e o r e m 
g i v e s a n e c e s s a r y and s u f f i c i e n t c o n d i t i o n t h a t { ^ M ^ p s o ^o r m a 
finite Sturm-Liouville system. 
T h e o r e m 2 . 1 . S u p p o s e t h a t f o r n = 0 , 1 , 2 , . . . , N , i s a 
s o l u t i o n o f 
a ( x ) ^ + a ^ x ) j j * + [ a 2 ( x ) + t x n ] y = 0 , 
d x 
w h e r e j i ^ i s a p a r a m e t e r d e p e n d i n g on n b u t n o t o n x . T h e n a Q ( x ) , 
2 
a ^ ( x ) , and a 2 ( x ) + must be o f t h e f o r m Y x + p x + a , e x + 6 , and 
r e s p e c t i v e l y , w h e r e \ ^ i s a p a r a m e t e r d e p e n d i n g o n n b u t n o t 
o n x , and a , p> Y > 6 > and e a r e c o n s t a n t s . 
T h e o r e m 2 . 2 . I f <P n (x ) i s a s o l u t i o n o f 
( Y x 2 + p x + a ) + ( e x + 6 ) & + \ y = 0 (2) 
d x 
f o r n = 0 , 1 , 2 , . . . , N , t h e n 
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( i ) y x 2 + p x + o = ( \ x - - f ) x 2 + [ X 1 ( A 0 B 1 + 3 A 1 B Q ) 
A . B 2 
" ^ 2 ( A o B l + A i B o > W 2 A 0 A + [ X 1 ( B „ B 1 + -j-2-) 
0 
- X 2 ( B B x - 0 ^ / 2 ^ , 
B 
( i i ) e x + 6 = -\^(x + ^ - ) , and 
o 
( i i i ) X n = n ( n - l ) ( - j ) - n < n " 2 ) x ! > n = 0 , 1 , 2 , . , . , N . 
I n t h e s e q u e l , w h e n e v e r r e f e r e n c e i s made t o t h e d i f f e r e n t i a l 
e q u a t i o n ( 2 ) , i t w i l l be u n d e r s t o o d t h a t a , p , Yy 6 > e > and \ ^ 
h a v e t h e v a l u e s p r e s c r i b e d b y T h e o r e m 2 . 2 . 
B 
D e f i n i t i o n 2 . 1 . L e t b = , n = 0 , 1 , 2 , . . . , N - l , and 
n 
C 
C n A A . 
n n - l 
- — , n = l , 2 , . . . , N - l o D e f i n e g ^ ( n ) and g 2 ( n ) as f o l l o w s 
f o r n = l , 2 , . . . . , N - 2 . 
g ^ n ) = [ ( n + l ) b n + 1 + ( - n + l ) b n - b x - b Q]x 2 
+ [ ( - 2 n - l ) b n + 1 + (2n - 3 ) b n + ^ + ® > Q \ 
g 2 ( n ) = [ ( n + l ) b n b - n b n 2 - b ^ + ^ - ( 2 n + l ) c n + 1 
+ ( 2 n - 3 ) c n ] \ + [ ( - 2 n - l ) b n b n + 1 + ( 2 n - l ) b ^ 
+ b o b l + b o 2 + 4 n c n + l + ( - 4 n + 8 ) c n ] X l 
T h e o r e m 2 . 3 . T h e p o l y n o m i a l < p n ( x ) i s a s o l u t i o n o f (2) f o r 
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n = 0 , 1 , 2 , . , . , N i f and o n l y i f g ^ n ) = g 2 ( n ) = 0 f o r n = l , 2 , . . . , N - 2 . 
T o i n s u r e t h a t e q u a t i o n (2) i s n o n t r i v i a l , a t l e a s t one o f 
o r \ 0 must be n o n z e r o . B y use o f t h e a r g u m e n t a d v a n c e d i n [ 2 , p p . 9 - 1 0 ] , 
t h e c h o i c e s \ ] [ = 1, \ ^ = [ {bl - b Q ) 2 + 4 ( c x + c 2 ) ] / 3 c 2 , and 
A 5 ( 2 b 2 - by - b Q ) [ ( b 1 - b o ) 2 + 4 ( C ] L + c 2 ) ] + 9 c 2 ( b o - b 2 ) = 0 
a r e j u s t i f i e d . W i t h t h e s e v a l u e s o f \ ^ and \ ^ i n s e r t e d i n t h e e x p r e s ­
s i o n s f o r g ^ ( n ) and g 2 ( n ) , T h e o r e m 2 . 3 p r o v i d e s a n e c e s s a r y and s u f ­
f i c i e n t c o n d i t i o n t h a t <p ( x ) be a s o l u t i o n o f t h e n o n t r i v i a l d i f f e r e n t i a l 
n 
e q u a t i o n (2) f o r n = 0 , 1 , 2 , . . . , N . I n a l l t h a t f o l l o w s , t h e v a l u e s a b o v e 
f o r \ ^ and \ ^ and t h e c o n d i t i o n A = 0 w i l l be a s s u m e d . 
A n o t h e r f a c t w i l l p r o v e t o be o f i m p o r t a n c e i n f u t u r e a n a l y s i s . 
W i t h \ q = 0 and \ ^ = 1 i t f o l l o w s f r o m ( i i i ) o f T h e o r e m 2 . 3 t h a t 
* i t ( i t J ; i , j = 0 , l , 2 , . . . , N ) i f and o n l y i f 
C o n s e q u e n t l y , T h e o r e m 2 . 3 and t h e r e s u l t s f o l l o w i n g i t can be s u m m a r i z e d 
as a s i n g l e t h e o r e m . 
T h e o r e m 2 . 4 . ^ n ( x ) , n = 0 , 1 , 2 , . . . , N , i s a s o l u t i o n o f t h e n o n -
t r i v i a l d i f f e r e n t i a l e q u a t i o n ( 2 ) , i n w h i c h \ ^ f \ ^ ( i ^ j ? i , j = 0 , l , 2 , . . . , N ) , 
i f and o n l y i f 
f- ( i f J , i + J > 2 ; i , j = 0 , 1 , 2 , . , . , N ) . 
( i ) A = 0
 5 
( i i ) [ ( b Q - b x ) 2 + 4(cx + c 2 ) ] / 3 c 2 i s d i f f e r e n t f r o m 
2(m - 2 ) 
m - 1 
f o r m = 2 , 3 , . . . , 2N-1$ 
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( i i i ) g 1 ( n ) = g 2 ( n ) = 0 , n = l , 2 , . . . , N - 2 , w h e r e g ^ n ) and 
2 
g 2 ( n ) a r e e v a l u a t e d w i t h \ ^ = 1 and \ 2 = [ ( b ^ - b ^ + 4 ( e 1 + c^)]/3c2« 
As an i m p o r t a n t c l o s i n g r e m a r k t o t h i s c h a p t e r , i t s h o u l d be 
n o t e d t h a t t h e e q u a t i o n s g^ (n ) = 0 = g 2 ( n ) , n = l , 2 , . . , , N - 2 , can be 
r e g a r d e d as a s y s t e m o f l i n e a r f i r s t - o r d e r n o n h o m o g e n e o u s d i f f e r e n c e 
e q u a t i o n s : 
[ ( n + l ) \ 2 - (2n + D ] b n + 1 - [ (n - l ) X 2 - (2n - 3 ) ] b n (3) 
'
 ( b o + b x ) X 2 - b1 - 3 b Q , 
[ ( 2 n + l ) X 2 - 4 n ] c n + ] _ - [ ( 2 n - 3 ) X 2 - ( 4 n - 8 ) ] c n 
= [ ( n + l ) b b - n b 2 - b b. + c . ] X . 
L
 n n+1 n o 1 1 J 2 
+ ( - 2n - l ) b b + (2n - l ) b 2 + b b , + b 2 , 
n n+1 n o 1 o ' 
n = l,2,e.e, N - 2 . 
A g a i n , i t i s u n d e r s t o o d t h a t A = 0 and t h a t X ^ and X 2 h a v e t h e 
v a l u e s p r e s c r i b e d ^ i n p a r t ( i i i ) o f T h e o r e m 2 . 4 , T h e r e q u i r e m e n t t h a t 
2(m—2) 
X _ be d i f f e r e n t f r o m — " ' f o r m = 2 . 3 . . . . . 2 N - 1 i m p l i e s t h a t t h e 
2 m-1 ' ' ' r 
d i f f e r e n c e e q u a t i o n s (3) h a v e no s i n g u l a r p o i n t s ; h e n c e , t h e u n i q u e s o l u ­
t i o n t o g ^ ( n ) = 0 ( f o r g i v e n b Q , b ^ , and X 2 ) i s 
[ ( b + b . ) ( X 9 - 2 ) + ( b , - b ) ] [ ( n - i ) ( X 0 - 2 ) + 2 ] n - 2 b (X - 2 ) + 2 b n 
b = 2 k sL i 2 i 2—6 2. ( 4 ) 
2 [ n ( X 0 - 2) + l ] [ ( n - 1) ( X 0 - 2) + l ] 
n = 2 , 3 , . . . , N - 1 , 
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as d e d u c e d i n [ 2 , p . 1 2 ] . T h e e q u a t i o n 92(h) = 0 f o r t h e unknown c 
i s c o n s i d e r a b l y l e s s t r a c t a b l e b e c a u s e o f t h e more c o m p l i c a t e d nonhomo 
g e n e o u s t e r m . H o w e v e r , t h i s e q u a t i o n h a s b e e n s o l v e d i n t h e s p e c i a l 
c a s e s = 2 and b Q := b^ [ 2 , p p . 1 2 - 1 3 ] . T h e s o l u t i o n i n t h e g e n ­
e r a l c a s e w i l l be g i v e n i n C h a p t e r I V . 
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CHAPTER I I I 
PROPER T H R E E - T E R M R E C U R S I V E 
F I N I T E S T U R M - L I O U V I L L E POLYNOMIAL SEQUENCES 
T h e o b j e c t s o f C h a p t e r I I I a r e as f o l l o w s : 
( l ) t o g i v e n e c e s s a r y and s u f f i c i e n t c o n d i t i o n s t h a t a p r o p e r 
t h r e e - t e r m r e c u r s i v e f i n i t e S t u r m - L i o u v i l l e p o l y n o m i a l s e q u e n c e be o f H e r ­
m i t e , e x t e n d e d g e n e r a l i z e d L a g u e r r e , e x t e n d e d g e n e r a l i z e d B e s s e l , o r g e n ­
e r a l i z e d J a c o b i t y p e ; and 
(2) t o g i v e a c o m p l e t e m a t h e m a t i c a l c l a s s i f i c a t i o n o f a l l p r o p e r 
t h r e e - t e r m r e c u r s i v e f i n i t e S t u r m - L i o u v i l l e p o l y n o m i a l s e q u e n c e s . 
D e f i n i t i o n 3 . 1 . L e t n be a n o n n e g a t i v e i n t e g e r . T h e H e r m i t e 
p o l y n o m i a l o f d e g r e e n , d e n o t e d b y H , i s d e f i n e d b y 
Lemma 3 . 1 . L e t n be a n o n n e g a t i v e i n t e g e r . T h e n H ( t ) s a - t 
i s f i e s t h e d i f f e r e n t i a l e q u a t i o n 
C h a r a c t e r i z a t i o n o f F i n i t e H e r m i t e , L a g u e r r e , B e s s e l 
and J a c o b i P o l y n o m i a l S e q u e n c e s 
k=o 
w h e r e [5] means t h e g r e a t e s t i n t e g e r l e s s t h a n o r e q u a l t o 
+ 2 n y = 0 ; (5) 
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and i f ^ ( t ) i s a p o l y n o m i a l o f d e g r e e n i n t w h i c h a l s o s a t i s f i e s 
( 5 ) , tyn(t) = D H j t ) , w h e r e i s a t e r m d e p e n d i n g p o s s i b l y on n b u t 
n o t on t . 
B o t h o f t h e r e s u l t s a b o v e a r e w e l l - k n o w n [ 4 ] ; so t h e y a r e n o t 
r e - p r o v e d h e r e . 
T h e f o l l o w i n g t w o t h e o r e m s p r o v i d e a n e c e s s a r y and s u f f i c i e n t 
c o n d i t i o n t h a t a f i n i t e s e q u e n c e { < P n ( x ) } n - 0 g e n e r a t e d as i n ( l ) be — 
a p a r t f r o m a l i n e a r change o f v a r i a b l e and m u l t i p l i c a t i v e f a c t o r s i n d e ­
p e n d e n t o f x - - a f i n i t e s e q u e n c e o f H e r m i t e p o l y n o m i a l s i n t h e v a r i a b l e 
x . H e r e , as i n a l l t h a t f o l l o w s , N i s a f i x e d b u t a r b i t r a r y i n t e g e r 
g r e a t e r t h a n o r e q u a l t o t h r e e , and d e n o t e s a n o n z e r o t e r m i n d e p e n ­
d e n t o f x . 
T h e o r e m 3 . 1 * I f f o r n = 0 , 1 , 2 , . . . , N t h e c o e f f i c i e n t s o f < P n ( x ) 
s a t i s f y © ^ = b Q , ® & 2 = 2 , and ® g ^ n ) = g 2 ( n ) = 0 , 
n = l , 2 , . . . , N - 2 , t h e n <• ( x ) = D H / x + — M , n = 0 , 1 , 2 , . . . , N , 
w h e r e t h e p r i n c i p a l s q u a r e r o o t i s t a k e n . 
P r o o f . I f c o n d i t i o n s © - ® h o l d , T h e o r e m 2 . 3 i m p l i e s t h a t 
c p n ( x ) s a t i s f i e s a d i f f e r e n t i a l e q u a t i o n o f t h e f o r m (2) i n w h i c h \ ^ = 1 , 
^2 = 2 , and b^ = b Q . C o n s e q u e n t l y , < P n ( x ) ^ s a s o l u t i o n o f 
e i 7 * - < * + V & + n* • ° > ( 6 ) 
d x 
n = 0 , 1 , 2 , . . . , N . U n d e r t h e change o f v a r i a b l e t = * ( x + b ) , w h e r e 
a g a i n t h e p r i n c i p a l s q u a r e r o o t i s t a k e n , (6) becomes ( 5 ) ; h e n c e , 
^ n ( t ) s ( J2c~ t - b Q ) i s a p o l y n o m i a l o f d e g r e e n i n t w h i c h 
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s a t i s f i e s (.5), n = 0 , 1 , 2 N . B y Lemma 3 . 1 , + n ( t ) = D H ( t ) ; t h a t 
n = 0 , 1 , 2 
, . . a , 
N . 
T h e o r e m 3 . 2 . I f t h e r e e x i s t a n o n z e r o c o n s t a n t \i and a c o n ­
s t a n t v s u c h t h a t © (x ) = D H ( u x + v ) , n = 0 , 1 , 2 , . . . , N , t h e n t h e 
Y n n n ' 
c o e f f i c i e n t s o f <p ( x ) s a t i s f y c o n d i t i o n s ® - ® o f T h e o r e m 3 . 1 . 
P r o o f . I f s u c h c o n s t a n t s |i and v e x i s t , i t f o l l o w s f r o m 
Lemma 3.1 t h a t <p ( x ) i s a s o l u t i o n o f 
Y n 
2ti d x ^ * a x 
n = 0 , 1 , 2 , . . . , N . E q u a t i o n (7) i s a n o n t r i v i a l d i f f e r e n t i a l e q u a t i o n o f 
t h e f o r m (2) i n w h i c h \ ^ = 1 and \ ^ = 2 * H e n c e , b y T h e o r e m 2 . 3 , 
9 T ( N ) = 9 9 ( n ) = 0 , n = l , 2 , . . . , N - 2 ; a n d , f r o m p a r t ( i ) o f T h e o r e m 2 . 2 , 
C l e a r l y T h e o r e m s 3.1 and 3 . 2 can be c o m b i n e d i n t o an " i f and 
o n l y i f t h e o r e m " as f o l l o w s : 
F o r n = 0 , 1 , 2 , . . . , N t h e c o e f f i c i e n t s o f « P n ( x ) s a t i s f y 
c o n d i t i o n s ( D ~ ® i f a n d o n l y i f t h e r e e x i s t a n o n z e r o 
c o n s t a n t u. and a c o n s t a n t v s u c h t h a t q> ( x ) = D H ( ^ x + v ) } 
mi n n 
n = 0 , 1 , 2 , . . . , N . 
H o w e v e r , f o r c l a r i t y and e a s e i n a p p l y i n g t h e s e t h e o r e m s , i t seems 
b e t t e r t o s t a t e t h e r e s u l t s s e p a r a t e l y . F o r i f ( J ) , © , and @ 
h o l d , T h e o r e m 3.1 s p e c i f i e s q > n ( x ) , n = 0 , 1 , 2 , . . . , N t o w i t h i n a m u l t i ­
p l i c a t i v e f a c t o r i n d e p e n d e n t o f x ; and T h e o r e m 3 . 2 — i n c o n t r a p o s i t i v e 
f o r m — s t a t e s t h a t i f a n y o f ( T ) , © , o r © f a i l t o h o l d , i t i s 
0 = B = [ ( A B. + 3 A . B ) - 2 (A B. + A . B ) ] / 2 A A . = - b . ) . 
K
 o 1 1 o o 1 1 o ' o 1 2 o 1 
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impossible for { ? n ( x ) j r i - 0 " t 0 D e ~" within a linear change of variable 
(d H (x ) ) N . I t should be noted that i f conditions ® and © are i n n j n=o 
true and i f (§) holds only for n = l , 2 , . . . , k , 1 < k < N - 3 , then the 
conclusion of Theorem 3.1 is valid for n = 0 , 1 , 2 , . . . , k + 2 . 
The remaining part of this section is devoted to theorems which con­
cern the existence of finite Laguerre, Bessel, and Jacobi polynomial 
sequences. These theorems are much like Theorems 3.1 and 3.2 both in 
formulation and method of proof. For each of the three types of poly­
nomial sequences mentioned, there are two applicable theorems which can 
be combined, i f desired, into an "if and only i f theorem." However, in 
order to fac i l i ta te their application and improve the c lar i ty of the 
exposition, they are stated separately. This format is consistent with 
that followed for the Hermite case. 
Definition 3 . 2 . Let n be a nonnegative integer and a any 
complex number. The extended generalized Laguerre polynomial of degree 
a 
n, denoted by L n , i s defined by 
k=o 
where ( j j t j ) i s a generalized binomial coefficient defined by 
n-k 
n (a + k + j ) 
C k > ( , . „ ) , 1' OSkSn-l 
and <• Jn) - 1. 
The definition of L 8 given here agrees with that of the classical 
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g e n e r a l i z e d L a g u e r r e p o l y n o m i a l o f d e g r e e n w h e n e v e r a > - 1. B e c a u s e 
no s u c h r e q u i r e m e n t i s made o f a i n t h i s d e v e l o p m e n t , t h e a d j e c t i v e 
" e x t e n d e d " has b e e n added i n t h e d e f i n i t i o n . 
Lemma 3 . 2 . L e t n be a n o n n e g a t i v e i n t e g e r and a a n y c o m p l e x 
n u m b e r . T h e n L a ( t ) s a t i s f i e s t h e d i f f e r e n t i a l e q u a t i o n 
n 
t & + ( a + 1 - t ) | * + n y = 0 ; (8) 
d t 
and i f ^ N ( " 0 1 S a p o l y n o m i a l o f d e g r e e n i n t w h i c h a l s o s a t i s f i e s 
( 8 ) ,
 + n ( t ) = D n L n a ( t ) . 
T h e c o n c l u s i o n s o f Lemma 3 . 2 a r e w e l l - k n o w n i f a > - 1 [ 4 ] . F o r 
t h e g e n e r a l c a s e , d i r e c t s u b s t i t u t i o n shows t h a t L ^ t ) s a t i s f i e s ( 8 ) . 
CO 
I f ^ n ( t ) = £ a^t^ i s s u b s t i t u t e d i n (8) ( w i t h a^ = 0 f o r k > n + l ) , 
k=o 
i f a^ i s e x p r e s s e d i n t e r m s o f a Q , and i f t h e r e s u l t i n g e x p r e s s i o n f o r 
k a 
a^ i s compared w i t h t h e c o e f f i c i e n t o f t i n t h e d e f i n i t i o n o f L ^ ( t ) , 
t h e s e c o n d c o n c l u s i o n o f Lemma 3.1 f o l l o w s . 
T h e o r e m 3 . 3 . I f f o r n = 0 , 1 , 2 , . . . , N t h e c o e f f i c i e n t s o f T n ( x ) 
s a t i s f y <D b x / B Q , ® \ 2 = 2 , and ® g (n) = g 2 ( n ) = 0 , 
a 4 c l 
n = l , 2 , . . . , N - 2 , t h e n <p (x ) = D L ( j ix + v ) , w h e r e a = x - 1, 
2
 2 /
 2
°l\ 
"
 =
 B-TE" . A N D v m B ^ B T (BO + B~^B7 )' F 0 R " " 0,1,2,. . . .N. 
o l 0 1 \ o 1 / 
P r o o f . I f c o n d i t i o n s ® - ® a r e s a t i s f i e d , i t f o l l o w s f r o m 
T h e o r e m 2 . 3 t h a t <PN(X) i s a s o l u t i o n o f (2) i n w h i c h \ ^ = 1, = 2 > 
and b^ ^ b^. H e n c e , f o r n = 0 , 1 , 2 , . . . , N <PN(X) i s a s o l u t i o n o f 
16 
(b - b . ) x (b - b b , + 2 c . ) 
o 1
 + . o o 1 1 
" ( x + b o ) ^ + n y = 0 , (9) 
d x 
4 C 1 
w h i c h t r a n s f o r m s t o (8) - - w i t h a = r - 1 - - u n d e r t h e change 
2 
o f v a r i a b l e t = r— 
b o 
2c \ 
x + b + z i r 1 • B y Lemma 3 . 2 
.
 0
 \-b\) 
/ b - b 2 c . \ 
o r , i n t e r m s o f x , <P n (x ) = ^ L ^ ( u x + v ) , n = 0 , 1 , 2 , . . . , N , w h e r e 
H , v , and a a r e as s p e c i f i e d i n t h e t h e o r e m . 
T h e o r e m 3 . 4 . I f t h e r e e x i s t a n o n z e r o c o n s t a n t [ i and c o n s t a n t s 
v and a s u c h t h a t <p n (x ) = D ^ L ^ 3 (p,x + v ) , n = 0 , 1 , 2 , . . . , N , t h e n t h e 
c o e f f i c i e n t s o f <P n (x ) s a t i s f y c o n d i t i o n s ( D - ® o f T h e o r e m 3 . 3 . 
P r o o f . I f s u c h c o n s t a n t s p., v , and a e x i s t , i t f o l l o w s f r o m 
Lemma 3 . 2 t h a t q> ( x ) i s a s o l u t i o n o f 
T n 
k x + j t l i x
 + (a + 1 - H * - v ) & + o ( 1 0 ) 
2 , 2 u, d x 7 ' 
\i d x r 
n = 0 , 1 , 2 , . . . , N . E q u a t i o n (10) i s o f t h e f o r m (2) i n w h i c h \ ^ = 1 and 
^ 2
 =
 2 . C o n s e q u e n t l y , b y T h e o r e m 2 . 3 , g^ (n ) = g 2 ( n ) = 0 , n = 1 , 2 , . . . , N 
and f r o m p a r t ( i ) o f T h e o r e m 2 . 2 , 0 f = p = ^ 3 - ^ - . 
D e f i n i t i o n 3 . 3 . L e t n be a p o s i t i v e i n t e g e r , b a n o n z e r o 
c o m p l e x n u m b e r , and a a c o m p l e x number n o t an i n t e g e r i n [ - 2 ( n - l ) , 
- ( n - 1 ) ] . T h e e x t e n d e d g e n e r a l i z e d B e s s e l p o l y n o m i a l o f d e g r e e n , 
d e n o t e d b y B ^ a , b ^ , i s d e f i n e d b y 
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B n ( 8 , b ) ( t ) ' I ( k } ( n + k + a " 2 > ( k ) ( £ > k > 
k=o 
W h e r e ( k } = k ' ( n - k V ' (n + k + a - 2 ) ( K ) = n (n + k + a - j - 1) 
j = l 
i f 1 < k < n , and (n + k + a - 2 ) ^ = 1. F o r n o n z e r o c o m p l e x b , 
t h e g e n e r a l i z e d B e s s e l p o l y n o m i a l o f d e g r e e z e r o i s d e f i n e d as 
B ( a > b ) ( t ) = 1. 
o 
T h e d e f i n i t i o n a b o v e a g r e e s w i t h t h a t o f t h e g e n e r a l i z e d B e s s e l 
p o l y n o m i a l o f d e g r e e n p r o v i d e d a i s o t h e r t h a n a n o n p o s i t i v e i n t e g e r 
[ 3 ] . B e c a u s e a l e s s s t r i n g e n t r e q u i r e m e n t i s p l a c e d on a i n t h e p r e s e n t 
w o r k , t h e a d j e c t i v e " e x t e n d e d " has b e e n a d d e d * T h e c o n d i t i o n i m p o s e d o n 
a f o r n > 1 i s t h e m i n i m a l one w h i c h g u a r a n t e e s t h a t t h e e x p r e s s i o n 
(a b) 
f o r B^ ' i s a p o l y n o m i a l o f d e g r e e e x a c t l y n . 
Lemma 3 . 3 . L e t n be a n o n n e g a t i v e i n t e g e r . T h e n B ^ a , ^ ( t ) 
i s a s o l u t i o n o f t h e d i f f e r e n t i a l e q u a t i o n 
2 
t 2 + ( a t + b) | * - n ( n - 1 + a ) y = 0 ; (11) 
d t 
and i f tyn("t) 1 S a p o l y n o m i a l o f d e g r e e n i n t t h a t a l s o s a t i s f i e s 
( l l ) , i n w h i c h a and b f u l f i l l t h e r e q u i r e m e n t s o f D e f i n i t i o n 3 .3 , 
t h e n i ( t ) = D B ( a ' b ) ( t ) . 
Y n n n 
T h e r e s u l t s o f Lemma 3.3 a r e i n d i c a t e d i n [ 3 ] fo r? t h e c a s e i n 
w h i c h a i s n o t a n o n p o s i t i v e i n t e g e r and b / 0. F o r t h e g e n e r a l c a s e 
i n w h i c h i t i s assumed o n l y t h a t a i s n o t an i n t e g e r i n [ - 2 ( n - l ) , - ( n - l ) ] 
( n > l ) and b / 0, u s e o f t h e t e c h n i q u e s o u t l i n e d i n t h e r e m a r k s f o l ­
l o w i n g Lemma 3.2 s u f f i c e s t o p r o v e t h e lemma. When 
18 
^ n ( t ) = ^ * s s u b s t i t u t e d i n t o ( 1 1 ) , t h e r e c u r r e n c e f o r m u l a f o r 
k=o 
t h e c o e f f i c i e n t s a. i s 
k 
b a = ( n — . k ) ( h - ; * k + a - 1) , . 
b 3 k + l k + 1 a k > 
k = 0 , 1 , 2 , . . . , n - l ; and a^ = 0 f o r k > n + l . E q u a t i o n (12) i s o f 
i m p o r t a n c e i n t h e n e x t s e c t i o n o f t h i s c h a p t e r . 
T h e o r e m 3 . 5 . I f f o r n = 0 , 1 , 2 , . . . , N t h e c o e f f i c i e n t s o f 9 n ( x ) 
s a t i s f y © \ 2 f 2 , @ ( \ 2 - l ) 2 ( b Q - b ^ 2 + 4 \ 2 ( \ 2 - 2 ) C ] _ = 0 , 
© g x ( n ) = g 2 ( n ) = 0 , n = 1 , 2 , . . . , N - 2 , and © ^ 2 ^ ^ i T " - ^ f o r 
m = 2 , 3 , . . . , 2 N - 1 , t h e n q> n (x ) = D B ^ a ' 2 ' + v ) f o r n = 0 , 1 , 2 , . . . , N , 
2 2 ( \ 2 - 2 ) 2 
w h e r e a = — - . , ji = " ( b ^ ) ( ^ . ^ > and 
( \ 2 - 2 ) [ ( b Q + b 1 ) \ 2 - ( 3 b Q + b x ) ] 
V =
 ( \_ - l ) ( b - b . ) 
2. O 1 
P r o o f . W h e n e v e r c o n d i t i o n s © - ® h o l d , T h e o r e m 2 . 3 
i m p l i e s t h a t < P n ( x ) s a t i s f i e s (2) w i t h \ ^ = 1, \ ^ ^ 2 , and 
9 ( \ - l ) 2 ( b - b ] ) 2 + 4 \ ( \ - 2 ) c ] 
0 = D = p - 4dY = — 2 \ — - . (13) 
T h e r e f o r e , f o r n = 0 , 1 , 2 , . . . , N « P n ( x ) i s a s o l u t i o n o f 
( x - x * ) 2 ^ - ( x
 + b Q ) £ + [ ! l i n = I l * - „ ( „ - 2 ) ] y . O , 
d x 
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X 2 ( b o + V " ( 3 b o + b l ) 
w h e r e x * = \~) * I f t b e c n a n 9 e o f v a r i a b l e 
t = x - x * i s m a d e , e q u a t i o n (14) t r a n s f o r m s t o an e q u a t i o n o f t h e 
2 ( b o " b l ) ( X 2 " 1 } 
f o r m (11) i n w h i c h a = r ~ and b = ——z . C l e a r l y 
X2 - 2 ( \ 2 - 2 ) 2 
b / 0; f o r i f i t w e r e , © w o u l d become ^ 2 ^ 2 ~ 2 ^ c l = 0 > w n ^ - c n * s 
a c o n t r a d i c t i o n b e c a u s e \ ^ ^ 0 , \ ^ f 2 , and c^ / 0 ( n o t e t h a t t h i s 
i s t h e f i r s t p l a c e i n t h e p r o o f t h a t © has b e e n u t i l i z e d , an o b s e r ­
v a t i o n w h i c h w i l l p r o v e u s e f u l i n t h e n e x t s e c t i o n o f t h e c h a p t e r ) . A l s o , 
2 
a i s n o t an i n t e g e r i n [ . -2(N - l ) , 0 ] ; f o r i f r = a = - j , w h e r e 
K2 ~ l 
j i s an i n t e g e r s a t i s f y i n g 1 < j < 2N - 1, t h e n = 2 ^ j ~ ^ , w h i c h 
c o n t r a d i c t s © . By Lemma 3 . 3 <p n ( t + x * ) = \|r ( t ) = D B ( a » b ^ ( t ) = 
D n B n ( a , 2 ) < i r ) - H e n c e , f o r n = 0 , 1 , 2 , . . . , N •> ( x ) = D B ( a > 2 ) [ 2 ( x " X * h . 
n n b in n n D 
T h e c o n c l u s i o n o f t h e t h e o r e m f o l l o w s i m m e d i a t e l y . 
T h e o r e m 3 . 6 . I f t h e r e e x i s t : a n o n z e r o c o n s t a n t (i and c o n s t a n t s 
(a b ) 
v , a , and b s u c h t h a t < P n ( x ) = ^ n ^ n ' ^ x + v ) > n = 0 , 1 , 2 , . . . , N , 
t h e n t h e c o e f f i c i e n t s o f < P n ( x ) s a t i s f y c o n d i t i o n s ® - ® o f 
T h e o r e m 3 . 5 . 
P r o o f . T h e e x i s t e n c e o f s u c h c o n s t a n t s , Lemma 3 . 3 , and t h e f a c t 
t h a t a c a n n o t be z e r o i m p l y t h a t f n ( x ) s a t i s f i e s 
. I ( x + J ) 2 g + ( . x . i . i ) g + n ( a = l + 1 ) y . o , ( 1 5 ) 
n = 0 , 1 , 2 , . . . , N . E q u a t i o n (15) i s a n o n t r i v i a l d i f f e r e n t i a l e q u a t i o n o f 
t h e f o r m (2) i n w h i c h X = 1, X = 2 ( - + l ) 2 , and t h e d i s c r i m i n a n t 
1 z. a 
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( \ - l ) 2 ( b - b ) 2 + AK (\ - 2 )c 
D = 0 = — 2 ^ — — . B y T h e o r e m 2 . 3 
9±M = g 2 ( n ) = 0 , n = l , 2 , . . . , N - 2 ; and b e c a u s e ^ — = a i s 
( f r o m D e f i n i t i o n 3 . 3 a p p l i e d t o n = 1 , 2 , . . . , N ) n o t an i n t e g e r i n 
[ - 2 ( N - 1 ) , 0 ] , i t f o l l o w s t h a t \ 2 f 2 ^ m ^ 2 ^ , m = 2 , 3 , . . . , 2 N - 1 . 
D e f i n i t i o n 3 . 4 . L e t n be a p o s i t i v e i n t e g e r and l e t a and 
b be a n y t w o c o m p l e x c o n s t a n t s s u c h t h a t n + a + b + k / 0 f o r e a c h 
i n t e g e r k b e t w e e n one and n i n c l u s i v e — so t h a t a + b i s n o t an 
i n t e g e r i n [ - 2 n , - ( n + l ) ] . T h e g e n e r a l i z e d J a c o b i p o l y n o m i a l o f d e g r e e 
n , d e n o t e d b y P^a>^\ i s d e f i n e d b y 
n 
II ( a + j )
 n - l p k n _ k -
P J a , b ) ( t ) = i z L . + L n ) n ( n + a + b + j ) n ( a + k + m ) ( i § i ) 
9
 k = l L j = 1 m = 1 
n 
n (n + a + b + j ) 
nl K 2 ) > 
w h e r e i t i s u n d e r s t o o d t h a t a summand i s o m i t t e d when n = 1. F o r a n y t w o 
c o m p l e x n u m b e r s a and b , t h e g e n e r a l i z e d J a c o b i p o l y n o m i a l o f d e g r e e 
z e r o i s d e f i n e d as P ^ a , b ^ ( t ) = 1. 
o ' 
D e f i n i t i o n 3 . 4 a g r e e s w i t h t h a t o f t h e c l a s s i c a l J a c o b i p o l y n o m i a l 
o f d e g r e e n p r o v i d e d a > -1 and b > - 1 . T h e a d j e c t i v e " g e n e r a l i z e d " 
has b e e n added t o i n d i c a t e a r e l a x a t i o n o f t h e s e r e s t r i c t i o n s . T h e c o n ­
d i t i o n i m p o s e d on a + b f o r n > 1 i s t h e m i n i m a l one w h i c h g u a r a n t e e s 
t h a t P ^ a , b ) i s o f d e g r e e n . 
n 
Lemma 3 . 4 . L e t n be a n o n n e g a t i v e i n t e g e r . T h e n P ^ a , b ^ ( t ) i s 
a s o l u t i o n o f t h e d i f f e r e n t i a l e q u a t i o n 
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2 
W h e r e 3
 = ( X 2 . 2 ) ( x r x 2 ) " ^ b = ( X 2 - 2 ) ( x 2 - X l ) " l > * = x 2 - x x 
X l 
v = , and 
X 2 " X l 
X 2 ( b o + b l } ' ( b l + 3 b o } 1 / ( X 2 ' l ) 2 ( b o - b 1 ) 2 + 4 X 2 ( K 2 - 2 ) c 1 
X 2 = 2 T — + 2 / —J2 " 
X 2 ( b o + b l ) ' ( b l + 3 b o } 
and x^ = 2 - \ — x 2 a r e t h e t w o d i s t i n c t z e r o s o f 
(1 - t 2 ) + [ b - a - ( a + b + 2 ) t ] ^ + n ( n + a + b + l ) y = 0 ; (16) 
and i f tyn(t) i s a p o l y n o m i a l o f d e g r e e n i n t t h a t a l s o s a t i s f i e s 
( 1 6 ) , i n w h i c h a and b f u l f i l l t h e r e q u i r e m e n t s o f D e f i n i t i o n 3 . 4 , 
t h e n ^ n ( t ) = D n P n ( a ' b ) ( t ) . 
T h e a s s e r t i o n s o f Lemma 3 .4 a r e v e r i f i e d i n [ 4 ] f o r t h e c a s e i n 
w h i c h a > -1 and b > - 1 . F o r t h e c a s e i n w h i c h i t i s assumed o n l y 
t h a t a + b i s n o t an i n t e g e r i n [ - 2 n , - ( n + 1)] (n > l ) , t h e r e m a r k s 
made a f t e r t h e s t a t e m e n t o f Lemma 3 . 2 a g a i n a p p l y . I n t h i s c o n n e c t i o n , 
0 0 
u s e o f t h e s o l u t i o n ^ n ( t ) = £ a ^ ( t - l ) k , w h e r e a^ = 0 f o r k > n + 1 , 
o o k=o 
r a t h e r t h a n tyn(t) = ^ a^t^ s i m p l i f i e s t h e v e r i f i c a t i o n . 
k=o 
T h e o r e m 3 . 7 . I f f o r n = 0 , 1 , 2 , . . . ,N t h e c o e f f i c i e n t s o f <p n ( * ) 
s a t i s f y ® \ 2 ? 2 , (2) ( \ 2 - 1 ) 2 ( b Q - b ^ 2 + 4 \ 2 ( \ 2 - 2 ) ^ f 0 , 
® 9 x ( n ) = g 2 ( n ) = 0 , n = 1 , 2 , . . . , N - 2 , and © ^ 2 ^ ^ T ^ " f o r 
m = 1 , 2 , . . . , 2 N - 1 , t h e n f o r n = 0 , 1 , 2 , . . . , N <p n (x ) = D n P ^ a , b ^ [ 1-2(M-X + v 
2 ( x 1 + b G ) 2 ( x 2 + b Q ) l 
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d 2 
T n 2 + X l 
B * ( t ) - D P ( a ' b ) ( t ) 
T
 n n n 
so t h a t 
, ( x ) = D P ( a > b ) [ l - 2 ^ - * — - , n = 0 , l , 2 , . . . , N . 
n n n \ x - x , x ^ - x „ / ' ' ' ' ' 9 
""2 "1 "2 '1 
T h e c o n d i t i o n c o n c e r n i n g a and b i s now e a s y t o p r o v e . F r o m 
t h e g e n e r a l , r e c u r s i o n f o r m u l a f o r P ^ a , b ^ i n t e r m s o f P ^ a , b ^ and 
3
 n+1 n 
P n - 3 , b ^ [ 4 ] , w h i c h i s v a l i d f o r a l l v a l u e s o f a and b p e r m i t t e d i n 
t h e c o e f f i c i e n t o f —•£ i n (2) ( t h e s q u a r e r o o t u s e d b e i n g t h e p r i n c i p a l 
d x 
o n e ) . M o r e o v e r , n e i t h e r a n o r b i s an i n t e g e r i n [ - ( N - l ) , - l ] . 
P r o o f . I f c o n d i t i o n s ® - © h o l d , T h e o r e m 2 . 3 i m p l i e s 
t h a t < P n ( x ) i s a s o l u t i o n o f (2) i n w h i c h = 1, f 2 , and D / 0 . 
C o n s e q u e n t l y , ? n ( x ) s a t i s f i e s 
X 0 ,2 , n ( n - l ) X 0 
( l - - | ) ( X - X ) ( X - X 2 ) ^ - ( x + b ^ ^ + [ — ^ - n ( n - 2 ) ] y = 0 , 
d x 
(17) 
n = 0 , 1 , 2 , . , . , N , w h e r e t h e u n e q u a l q u a n t i t i e s x^ and x 2 a r e as 
s p e c i f i e d i n t h e s t a t e m e n t o f t h e t h e o r e m . I f t h e change o f v a r i a b l e 
2 
t = 1 - ( x - x ) i s m a d e , (17) t r a n s f o r m s t o an e q u a t i o n o f t h e 
X 2 " X l 1 
• : " 2(x1 + b Q ) 2 ( x 2 + b Q ) 
f o r m (16) i n w h i c h a = _
 2 ) _ ^ - 1 and b = ( ^ . g ^ , . xJ - 1. 
C o n d i t i o n © , u s e d i n t h i s p r o o f f o r t h e f i r s t t i m e , f o r c e s 
a + b = X 9 " 2 t o be o t h e r t h a n an i n t e g e r i n [ - 2 N , - 2 ] ; t h e r e f o r e , 
2 ~ Z 
b y Lemma 3 . 4 , 
^ ( x 2 - x L ) ( l - t ) 
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D e f i n i t i o n 3 . 4 , one need o n l y n o t e t h a t t h e c o e f f i c i e n t o f p n ^ , b ^ 
i n c l u d e s m u l t i p l i c a t i v e f a c t o r s n+a and n + b . T h e a s s e r t i o n i s now 
e v i d e n t s i n c e ( < p ( x ) ) N = (D P ( a > b ) [ l - 2 ( n x + v ) ] } N i s t o be a 
IN J n=o L n n J n=o 
p r o p e r t h r e e - t e r m r e c u r s i v e f i n i t e s e q u e n c e . T h e l a s t s e n t e n c e i n 
T h e o r e m 3 .7 i s o f c o n s e q u e n c e i n t h e n e x t s e c t i o n o f t h i s c h a p t e r . 
T h e o r e m 3 . 8 . I f t h e r e e x i s t a n o n z e r o c o n s t a n t p. and c o n ­
s t a n t s v , a , and b s u c h t h a t <P n (x ) = D n P ^ a , b ^ [ 1 - 2(p.x + v ) ] , 
n = 0 , 1 , 2 , . . . , N , t h e n t h e c o e f f i c i e n t s o f < P n ( x ) s a t i s f y c o n d i t i o n s 
® - , ® o f T h e o r e m 3 . 7 . 
P r o o f . T h e e x i s t e n c e o f s u c h c o n s t a n t s , Lemma 3 . 4 , and t h e f a c t 
t h a t a + b + 2 c a n n o t be z e r o i m p l y t h a t < P n ( x ) i s a s o l u t i o n o f 
fcx + v ) ( l - p , x - v ) d f y . [" a + 1 _ ( j ix + v ) 1 ±L ( 1 8 ) 
x u ^ 2 u U + b + 2 ) \I d x U B ' \I (a + b + 2 ) d x L ' r J 
+ n ( n + a + b + l ) = 
a + b + 2 y u > 
n = 0 , 1 , 2 , . . . , N . E q u a t i o n (18) i s a n o n t r i v i a l d i f f e r e n t i a l e q u a t i o n 
o f t h e f o r m (2) i n w h i c h ^ = 1, \ 2 = ^ V b V ^ ^ 2 > a n d D ^ 0 e 
T h e r e f o r e , g ^ n ) = g 2 ( n ) = 0 , n = l , 2 , . . . , N - 2 , b y T h e o r e m 2 . 3 ; a n d , 
s i n c e ^ 2 _
 2 - 2 = a + b i s n o t an i n t e g e r i n [ - 2 N , - 2 ] , \ 2 / 2^mJ 2^ , 
m' = 2 , 3 , . . . , 2 N - 1 . 
C l a s s i f i c a t i o n o f t h e P o l y n o m i a l s G e n e r a t e d 
I n t h i s s e c t i o n a i l t y p e s o f p r o p e r t h r e e - t e r m r e c u r s i v e f i n i t e 
s e q u e n c e s o f p o l y n o m i a l s w h o s e c o e f f i c i e n t s s a t i s f y t h e h y p o t h e s i s o f 
T h e o r e m 2 . 3 a r e i d e n t i f i e d . D i a g r a m s s u m m a r i z e t h e r e s u l t s a t t h e end 
o f t h e d i s c u s s i o n . 
2 4 
For the case in which \ 2 = 2, the classif icat ion has already 
been completed. Specifically, i f b^ = b Q Theorem 3.1 settles, the 
issuej and i f b^ f b Q Theorem 3.3 applies. Suppose that \^ / 2 
a n d \ 0 4 2 ( m " 2 ) for m = 2 , 3 , . . . , 2 N - 1 . I f the discriminant D of 2 ' m-1 ' ' ' 
2 
the coefficient of in ( 2 ) i s zero, Theorem 3 . 5 provides the 
answerf and i f D / 0 , Theorem 3 .7 suffices. Consequently, the fol­
lowing two cases remain to be consideredI (a) \ 2 / 2 , ^ 2 E 
2 < m - 2 ) 
m . 1 for some integer mQ in [2 , 2 N - l ] , D = Oj (b) \ 2 $ 2 , 
o 2 ( m - 2 ) o 
2 m o 
From the proof of Theorem 3.5, whenever the f i r s t case occurs 
APn(t + x*) S y|rn(t) is a polynomial of degree n in t which sat is f ies 
5 ( b f t - b . ) ( \ 9 - 1 ) (11) in which a - r~o A N D B B 9 , n = 0 , 1 , 2 , . . . , N . 2"* (\0 - 2 ) * 
Suppose f irs t that b 0. Then substitution of \|rn = £
 ak^* wnere 
k=o 
= 0 for k > n + 1, into ( l l ) leads to recursion formula (12) in 
which b ^ 0 . I t i s clear from (12) that tyn(t) is of degree n > 1 i f 
and only i f ? z = a / -2(n - l ) j and, because this inequality must be 
true for n = 1 , 2 , . . . , N , r - r cannot be an integer in [ - 2 ( N ^ 1 ) > 0 ] . 
2 ~* 
This result implies that \ 0 + 2 ^ m " 2 ) for m = 2 ,3, . . . ,2N-1 — a con-
tradict ion. 
( b - b j f t , - 1 ) 
If 0 = b = = - r , the condition D • 0 reduces to 
( X 2 - 2 ) 2 
^2^2 " 2 ) c i s 0 s o that ^2 = °* hence, b = 0 implies \^ = 0 and 
2 
b p = b 1 . Furthermore, a - ^—--^ = -1 so that (12) reduces to 
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a k ( k - n ) [ k - (2 - n ) ] = 0 (19) 
f o r 0 < k < n . S i n c e ^ n ( t ) i s t o be o f d e g r e e n f o r n = 0 , 1 , 2 , . . . , N , 
(-19) i m p l i e s t h a t ^ n ( t ) = d n t n , n = 0 , 1 , 3 , . . . , N , and ^ ( t ) = d 2 t 2 + e 2 , 
w h e r e e a c h d^ £ 0 and e 2 i s a r b i t r a r y . S u p p o s e t h a t N > 4 , T h e n , 
s i n c e 9 N ( X ) m u s t be g e n e r a t e d a s i n ( l ) and {V N ( X )}JJ - 0 - { ^ n ( x ~ x * ) j JJ-Q > 
d 4 ( x - x * ) 4 = (A3x + B 3 ) d 3 ( x - x * ) 3 - C 3 [ d 2 ( x - x * ) 2 + e 2 ] (20) 
= [ A 3 ( x - x * ) + ( B 3 + A 3 x * ) ] d 3 ( x - x * ) 3 
- C 3 d 2 ( x - x * ) 2 - C 3 e 2 . 
B u t (20) i m p l i e s t h a t C 3 = 0 — a c o n t r a d i c t i o n ; so N must be e q u a l 
t o t h r e e . I f N = 3 and e 2 = 0 , a c o n t r a d i c t i o n a r i s e s b e c a u s e q> 2 (x ) 
i s n o t g e n e r a t e d f r o m <P 0 ( X ) and <p^(x) as p r e s c r i b e d i n ( l ) w i t h 
A 1 C 1 ^ °" e 2 ^ 0 > t h e ^ n i t e s e q u e n c e { ^ n ( x ) " } n = 0 * S e a s ^ ^ v s e e n 
t o be a p r o p e r t h r e e - t e r m r e c u r s i v e f i n i t e p o l y n o m i a l s e q u e n c e . E q u a ­
t i o n s (3) w i t h \ ^ = 1 , \ 2 = 0 , b 1 = b , and N = 3 a r e e q u i v a l e n t 
t o b n = b and c_ = - c . . I t f o l l o w s f r o m ( l ) t h a t CP ( x ) = D ( x + b ) n , 
z o z l T n n o 
2 
n = 0 , 1 , 3 , and <p 2 (x) = D 2 [ ( x + b Q ) - c 1 ] , w h e r e Dq = 1. T h u s , t h e 
d i s c u s s i o n o f t h e f i r s t c a s e i s c o m p l e t e . 
B e f o r e u n d e r t a k i n g t h e a n a l y s i s o f t h e r e m a i n i n g c a s e , i t i s h e l p ­
f u l t o v e r i f y t h e f o l l o w i n g lemma. 
Lemma 3 . 5 . L e t n be a p o s i t i v e i n t e g e r , and l e t a and b be 
a n y t w o c o m p l e x c o n s t a n t s s u c h t h a t n + a + b + k = 0 f o r some i n t e g e r 
k s a t i s f y i n g 1 < k < n . I f tyn(t) i s a p o l y n o m i a l o f d e g r e e n i n t 
w h i c h s a t i s f i e s ( 1 6 ) , t h e n a must be an i n t e g e r l y i n g i n [ - n , - l ] s u c h 
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that 1 < k < -a < n. Moreover, when al l of the above conditions on a 
and b are fulfi l led, r ( t ) a (l - t ) " a P n + ^ " a , b ^ ( t ) is a polynomial of 
(a b) 
degree n in t and s ( t ) = ^ ( t ) i s a polynomial of degree k - 1 
in t . 
00 
Proof. The recursion formula occurring when tyn(t) = ^ a m ( t - l ) m 
m=o 
is substituted into (16) is 
[n - (m - l ) ] ( n + a + b +m)a . 
(m+a)a = — TT- ^ (21) 
m 2m 
for 1 < m < n, and a^ = 0 for m > n + 1. I f a is not an integer 
in [-n, - l ] , i t follows from (21) that a^ = a^+^ = . . . = a^ = 0 so 
that ^ ( " 0 is not of degree n. I f a is an integer in [ -n, - l ] , 
say a = -i where i + 1 < k < n, (21) shows that a = = . . . = = 0 , 
a^ is arbitrary, a i + i > a i + 2 ' ' " , a k 1 a r e e x P r e s s i ° l e in terms of 
a^ (provided i + 2 < k < n) , and a^ = a^+^ = . . . = a^ = 0. Again, fnM 
i s not of degree n. Finally, i f a = -i is an integer in [-n, - l ] and 
1 < k < i < n, (21) implies that a^, a2,...,a^ ^ are expressible in 
terms of a Q (provided k £ 2 ) , a k = a k + i = ••• = ai-\ = 0 (provided 
i > k + l ) , a^ is arbitrary, and a ^ + } > a i + 2 ' * ° c ' a n a r e e x P r e s s ^ - b l e 
in terms of a^ (provided i < n - 1 ) . In this case 
k-1 n 
* n ( t > - I aJl'1)m+ I \{t'l)m > (22) 
m=o m=i=-a 
where a is arbitrary, a. is nonzero, and the remaining a — i f 
o 1 7 I ' * m 
any — are expressed in terms of a^ or a^ by means of recursion for­
mula (21 ) . 
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I f a = - n t h e a s s e r t i o n f o r r i s t r i v i a l . I f l < - a < n - l , 
n + a - a + b + j = n - n - a - k + j = ( -a - k ) + j > j / 0 f o r e a c h 
i n t e g e r j s u c h t h a t 1 < j < n + a . B y D e f i n i t i o n 3 .4 and t h e r e m a r k 
( -a b ) 
c o n c e r n i n g a + b i n t h e p a r a g r a p h f o l l o w i n g t h a t d e f i n i t i o n ,
 p
n + a ' W 
i s a p o l y n o m i a l o f d e g r e e n + a i n t . T h e a s s e r t i o n c o n c e r n i n g r i s 
t h e n i m m e d i a t e . S i m i l a r l y , i f k = 1 t h e a s s e r t i o n f o r s i s t r i v i a l ; 
and i f 2 < k < - a < n , k - l + a + b + j = k - l + a - a - n - k + j = 
- ( n + l ) + j ^ O f o r e a c h i n t e g e r j s a t i s f y i n g 1 < j < k - 1. T h e r e ­
f o r e , s ( t ) i s a p o l y n o m i a l o f d e g r e e k - 1 i n t . 
I t i s i n t e r e s t i n g t o n o t e i n t h e s p e c i a l c i r c u m s t a n c e s o f Lemma 
(a b ) 
3 . 5 t h a t t h e e x p r e s s i o n f o r ' ( t ) r e d u c e s t o t h e z e r o f u n c t i o n . T h u s , 
i n some i n s t a n c e s t h e r e i s a p o l y n o m i a l s o l u t i o n t o (16) o f d e g r e e n i n 
(a b ) 
t w h i c h i s n o t P^ ' ( t ) . T h i s p e c u l i a r p o l y n o m i a l w i l l l a t e r be 
i d e n t i f i e d as a l i n e a r c o m b i n a t i o n o f t w o f u n c t i o n s — one a J a c o b i p o l y ­
n o m i a l and t h e o t h e r a p r o d u c t o f a J a c o b i p o l y n o m i a l and a p o w e r o f 1 - t . 
T h e n e c e s s a r y m a t h e m a t i c a l m a c h i n e r y i s now a v a i l a b l e f o r s t u d y 
o f t h e s e c o n d c a s e . As i n t h e p r o o f o f T h e o r e m 3 . 7 , t h e c o n d i t i o n s 
2(m - 2 ) 
g x ( n ) = g 2 ( n ) = 0 , n = 1 , 2 , . . . , N - 2 , \ g / 2 , D £ 0 , and \ 2 * ° _ y 
o 
f o r some i n t e g e r m Q i n [ 2 , 2N - l ] i m p l y t h a t 
(x -
 X l ) ( l - t ) 
-2 + x • + n ( t ) 
i s a p o l y n o m i a l o f d e g r e e n i n t w h i c h s a t i s f i e s (16) i n w h i c h 
2 W + V 2 ( x 2 + b o } 
3
 = ( X 2 - 2 ) ( X l - x 2 ) " 1 and b = ^ — ^ — ^ - 1. F r o m t h i s s t a r t -
i n g p o i n t a l l b u t t w o s e t s o f c i r c u m s t a n c e s can be shown n o t t o e x i s t . 
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F i r s t , i t i s n o t e d f r o m t h e d i s c u s s i o n i n [ 2 , p p . 18 - 23] t h a t 
2 ( m Q - 2) 
\ - — . — i m p l i e s c = 0 . H e n c e , i n o r d e r t o g u a r a n t e e c / 0 , 
2 m - l r m +1 ' 3 n ' ' 
o o 
n = 1 , 2 , 3 , . . . , N - 1 , m Q m u s t s a t i s f y N - 1 < m Q < 2N - 1. N e x t , 
2 ( m Q - 2) 
\ - . — i m p l i e s t h e e x i s t e n c e o f a f i r s t i n t e g e r n , 1 < n < N , 
2 m - 1 K o ' - o - ' 
o 
and a c o r r e s p o n d i n g i n t e g e r k Q , 1 < k Q < n Q < N , s u c h t h a t n Q + a + b + k Q 
F o r i f n o t , i t f o l l o w s as i n t h e p r o o f o f T h e o r e m 3 .7 t h a t 9 n ( x ) = 
D n P n ( a , b ) [ l " 2 ( x ^ 7 [ " 0 = ° ' 1 ' 2 ' 8 " ' N 5 c o n s e q u e n t l y , b y 
T h e o r e m 3 . 8 \ ~ / 2(m - 2)_ _ 2 , 3 , . . . , 2 N - 1 — a c o n t r a d i c t i o n . I n f a c t , 
2 ' m - 1 ' ' 
t h e i n t e g e r n Q must be s t r i c t l y g r e a t e r t h a n one5 f o r i f n = 1, k Q =1 
so t h a t 0 = a + b + 2 = 2 V 2 * 
B y Lemma 3 .5 a m u s t be an i n t e g e r i n [ ~ n 0 > " l ] a r ) d roust s a t i s f y 
1 < k Q < - a < n Q . M o r e o v e r , s i n c e ^ n ( t ) i s a p o l y n o m i a l o f d e g r e e n 
w h i c h s a t i s f i e s (16) f o r n = 0 , 1 , 2 , . . . , n Q - I, Lemma 3 . 4 i m p l i e s 
\|r ( t ) = D n p j a ^ ( t ) , n = 0 , l , 2 , . , . , n - l j t h a t i s , <* ( x ) = 
T n n n 0 * T n 
D p (a>b) 
n n 
f x x l 
1 - 2 1 x l 
x 2 - x L x 2 - x x ^ 
, n = Q , l , 2 , . . . , n Q - 1. By r e p l a c i n g 
N b y n - 1 and a s s u m i n g t h a t ft. > 4 , i t f o l l o w s f r o m t h e l a s t s t a t e -
g - f O ~ 
ment o f T h e o r e m 3 .7 t h a t a c a n n o t be an i n t e g e r i n [ - ( n - 2 ) , - l ] . 
T h e s u b c a s e s n Q = 2 and n Q = 3 a r e t a k e n up i n s u b s e q u e n t p a r a g r a p h s . 
T h e d i s c u s s i o n o f t h e p r e c e d i n g p a r a g r a p h p r o v e s t h a t e i t h e r 
n = - a o r n = 1 - a when n > 4 . T h u s , b y t h e d e f i n i t i o n o f n , 0 0 0 ~ o 
n Q = - a ; and c o n s e q u e n t l y , f r o m n + a + b + k Q s 0 , k Q = - b so t h a t 
b i s an i n t e g e r i n [ - n Q > - l ] • I n f a c t , i f a + b = - — — - 2 = - ( m Q + l ) 
a "t b 
i s e v e n , n + a + b + k = 0 i m p l i e s k = n = - ( — z — ) j and i f 
' 0 0 R 0 0 2 
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a + b i s o d d , n + a + b + k = 0 i m p l i e s k = n - 1 = — ( a + b) + 1 _
 1 
' 0 0 R 0 0 2 
S i n c e a i s an i n t e g e r i n [ - n , - l ] and l < k < - a = n < n , (22) 
o 7 — o — o — o ' 
w i t h n - n , a - - n , and k = k y i e l d s 
o> o 7 o 1 
k
°-
1 
K ( t ) " I a m ( t - 1 ) m + a n ( t " 1 } ° ' ( 2 3 ) 
0 o 
m=o 
w h e r e a 0 = + n ( l ) = <P ( x ^ )> a / 0 , and t h e r e m a i n i n g a m - - i f a n y -p 
0 n o n o n o m 
a r e d e t e r m i n e d v i a (21) i n w h i c h n i s r e p l a c e d b y n , a b y - n Q , and 
b b y - k . 
o 
C l e a r l y a ( t - 1 ) ° ° = E ( J L - t ) " 0 P n ° ' k ° ( t ) , w h e r e E i s 
n n o n_ 
o o o 
a n o n z e r o t e r m i n d e p e n d e n t o f t . A l s o , a r o u t i n e c o m p u t a t i o n u t i l i z i n g 
r e c u r s i o n f o r m u l a (21) w i t h n = n , a = - n Q , b = - k Q and a c o m p a r i s o n 
k
o~
l
 (_n f . k ) 
o f l i k e t e r m s y i e l d Y a ( t - l ) m = F P , ° ' 0 ( t ) , w h e r e F i s 
0 0 o 
m=o 
a t e r m i n d e p e n d e n t o f t w h i c h i s n o n z e r o i f and o n l y i f a / 0 . T h e r e -
f o r e , (23) becomes ^ ( t ) = E ( l - 1 ) 0 P 0 ( t ) + F P, . ( t ) . 
n n o n K — i 
0 0 0 0 
I f n Q = N , t h e n a t u r e o f t h e s e q u e n c e { 9 n ^ x ) } ^ = 0 * s d e t e r m i n e d ; 
i f n o t , t h e c a s e n = n Q + 1 m u s t be c o n s i d e r e d . I n t h i s s i t u a t i o n 
( n Q + 1) + a + b + ( k Q - 1) = 0 . I f k Q = 1, t n ( t ) = D n P n ( " n o , " k ° } ( t ) , 
n = n Q + 1, n + 2 , . . . , N , as g u a r a n t e e d b y Lemma 3 . 4 , I f k Q > 2 , 
( n Q + 1) + a + b + ( k Q - l ) = 0 , a = - n Q i s an i n t e g e r i n [ - ( n Q + l ) , - l ] , 
and l < k - 1 < - a = n < n + 1. H e n c e , Lemma 3 , 5 w i t h n = n + 1 
— o — o ~ o 7 o 
and k = k Q - 1 a p p l i e s so t h a t (22) b e c o m e s 
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V 2 V 1 
m=o m=n^ 
o 
w h e r e a = ( l ) = q> . • . ( x . ) , a / 0 . and t h e r e m a i n i n g a a r e 
o T n x l • n ti l n m 
o o o 
d e t e r m i n e d f r o m ( 2 1 ) i n w h i c h n i s r e p l a c e d b y n + 1 , a b y - n Q , 
and b b y - k Q . W i t h t h e a i d o f r e c u r s i o n f o r m u l a ( 2 1 ) , one can show — 
as i n t h e p r e c e d i n g c a s e when n e q u a l e d n Q and k e q u a l e d k Q — 
t h a t (24) y i e l d s * n ( t ) = E f i + 1 ( l - t ) " ° P j ^ ' " ^ ( t ) + F p + 1 P k [ ' ^ ° ' " " ^ ( t ) , 
o o o o 
w h e r e E i s a n o n z e r o t e r m i n d e p e n d e n t o f t and F . i s a t e r m 
n +1 n +1 
o o 
i n d e p e n d e n t o f t w h i c h i s n o n z e r o i f and o n l y i f a Q / 0 . 
T h e p r o c e s s o f r e a s o n i n g i n d i c a t e d a b o v e f o r v a l u e s n = n Q , k = k Q 
and n = n + l , k = k + l can be r e p e a t e d v e r b a t i m f o r v a l u e s o f n 
o ' o 
and k i n c r e a s i n g and d e c r e a s i n g r e s p e c t i v e l y i n s t e p s o f u n i t y u n t i l 
e i t h e r n Q + j > N o r k Q - j < 0 f o r some p o s i t i v e i n t e g e r j . A f t e r 
t h i s p o i n t i s r e a c h e d , t h e r e m a i n i n g p o l y n o m i a l s g e n e r a t e d i n t h e f i n i t e 
s e q u e n c e ^ ( t ) } ^ , i f a n y , a r e g u a r a n t e e d b y Lemma 3 . 4 t o be 
( - n Q , - k V n ~ ° 
^ n ^ n ^ ' F o r * n e 9 E N E R A ^ c a s e i n w ^ i c n 1 / ' n ( " t ) i s d i f f e r e n t 
f r o . D/nyk°\t), 
n ( n n , - k ) ( - n , . - k 0 ) 
W * > • B » ^ 1 - t > 0 p . ' i ^ V ^ - U w - ( 2 5 ) 
0 0 
w h e r e E i s a n o n z e r o t e r m i n d e p e n d e n t o f t , F . i s a t e r m 
n "hn 7 n "hii 
o o 
i n d e p e n d e n t o f t w h i c h i s n o n z e r o i f and o n l y i f a = \V ( l ) -
o T n^+m 
o 
$ ( x i ) / 0 > a " d i n t e g e r m s a t i s f i e s 0 < m < j - m i n ( N - n , k - 1 ) < r n t t t i i — — o o — 
o 
N - 4 . A s b e f o r e , ( 2 5 ) i s v e r i f i e d i n a r o u t i n e f a s h i o n b y u s i n g ( 2 1 ) 
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i n w h i c h n = n + m, a = - n , b = - k t o d e t e r m i n e t h e c o e f f i c i e n t s 
o
 9
 o' o 
of \ l r . i n (22) w i t h k = k - m and a = - n and t h e n c o m p a r i n g 
1
 n +m o o 
o 
l i k e t e r m s i n ( 2 5 ) . T h a t t h e J a c o b i p o l y n o m i a l s d i s p l a y e d i n (25) a r e 
o f d e g r e e i n d i c a t e d b y t h e i r s u b s c r i p t s i s a c o n s e q u e n c e o f Lemma 3 . 5 . 
T h e n a t u r e o f { t n ( " t ) | ^ = 0 n a s n o w D e e n s p e c i f i e d ; t h e r e f o r e 
x2 - xx x2 - X 
N 
i 
n=o 
i s a l s o d e t e r m i n e d . T h i s c o m p l e t e s t h e a n a l y s i s o f t h e s e c o n d c a s e 
e x c e p t when n = 2 o r n = 3 . 
c
— o o 
I f n = 2 , t h e n 2 + a + b + k = 0 f o r 1 < k. < 2 < N so 
o ' r o • • - o - -
t h a t e i t h e r k = 1 o r k = 2 . M o r e o v e r , b y Lemma 3 . 5 , a m u s t be 
o o 7 
an i n t e g e r i n [ - 2 , - l ] and s a t i s f y 1 < k Q < - a < n Q = 2 < N . I f 
k Q = 1, e i t h e r a = -1 o r a - - 2 . S u p p o s e a = - 1 , T h e n , b y (21) 
and (22) w i t h n = n Q = 2 , k = k = 1, and a = - 1 , 
+ 2 ( t ) = a Q + a ] ( t - l ) [ l + , (26) 
w h e r e a Q = ty2(l) = « p 2 ( x ^ ) and a^ / 0 . A s i m p l e c o m p a r i s o n shows t h a t 
| 2 ( t ) = E 2 ( l - t ) P 1 ^ 1 , " 2 \ t ) + F 2 P o ^ 1 , _ 2 \ t ) , w h e r e i s a n o n z e r o t e r m 
i n d e p e n d e n t o f t and i s a t e r m i n d e p e n d e n t o f t w h i c h i s n o n ­
z e r o i f and o n l y i f a f 0 . A l s o , s i n c e - 3 = - ( n + k ) = a ' + b = 
O 0 0 
2 
> - 2 = - ( m + l ) , m = 2 so t h a t X 0 = 0 ; a n d , s i n c e N -1 < m < 
^ 2 " " 0 0 2. 0 
2N - 1 i s t o be s a t i s f i e d , N * 3 . A s i m i l a r a n a l y s i s can be p e r f o r m e d 
f o r t h e c a s e n Q = 2 , k Q = 1, and ( a , b ) = ( - 2 , - l ) . 
I n a d d i t i o n t o t h e t w o s e t s o f c i r c u m s t a n c e s l i s t e d a b o v e , t h e 
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f o l l o w i n g can a r i s e : n Q = 2 , k Q = 2 , ( a , b ) = ( - 2 , - 2 ) ; n Q = 3 , 
k Q = 1, ( a , b ) = ( - 1 , - 3 ) o r (^2, -2 ) o r ( - 3 , - 1 ) ; n Q = 3 , k Q = 2 , 
( a , b ) = ( - 2 , -3 ) o r ( - 3 , - 2 ) ; and n Q = 3 , k Q = 3 , ( a , b ) = ( - 3 , - 3 ) . 
F o r each p o s s i b i l i t y a s e t o f p e r m i s s i b l e v a l u e s o f N can be d e d u c e d 
b y means o f t h e r e l a t i o n s - ( n + k ) = a + b = ; r - 2 = - ( m + l ) and 
7
 o o 2 " o 
N - 1 < mn < 2N - 1 . I n g e n e r a l t h e f o l l o w i n g r e p r e s e n t a t i o n s a r e f o u n d : 
^ ( T ) = E ( i - t ) " a p ( : a ' b ) ( t ) + F p. ( a , , b ) ( t ) , 
^ n n n + A n k -1 ' 
o o o o o 
i s a n o n z e r o t e r m i n d e p e n d e n t o f t and F i s A t e r m i n d e -
n o 
t w h i c h i s n o n z e r o i f and o n l y i f A = \[R- ( l ) = CP (x^ ) / O ; 
o o 
+ 4 . , ( t ) = E . , ( i - t ) " a p ^ ^ ( t ) + F . . p . ( a ; b ) ( t ) 
r n +1 n +1 n + a + l ' < n +1 k - 2 
o o o o o 
p r o v i d e d k > 2 and N > n +1 ; and 
o — — o 
O O 0 0 0 
p r o v i d e d N > n Q + 2 and k Q = 3 . I n t h e p r e c e d i n g e x p r e s s i o n s , t h e 
J a c o b i p o l y n o m i a l s d i s p l a y e d a r e o f d e g r e e i n d i c a t e d b y t h e i r s u b s c r i p t s — 
b y Lemma 3 . 5 . T h e r e m a i n i n g p o l y n o m i a l s i n t h e f i n i t e s e q u e n c e 
{ * n ( t ) } n = o s a t i s f y * n ( t ) = D n P n ( 3 , b ) ( t ) - T h e s t r u c t u r e o f [ < P n ( * ) ) ^ = 0 
f o r t h e e x c e p t i o n a l v a l u e s n^ = 2 and n Q = 3 i s t h u s k n o w n . 
T h e r e s u l t s o f t h e c l a s s i f i c a t i o n a b o v e a r e r e p r e s e n t e d s c h e m a t i c a l l y 
i n t h e f o l l o w i n g f i g u r e s . T h e c o n s t a n t s j i , v , a , b , n , and k a p p e a r i n g 
w h e r e E 
n 
o 
p e n d e n t o f 
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X 2 = 2 
/ \ 
b = b b . f b 1 o 1 ' o 
<B ( x ) = D H (fix + v ) <p ( x ) = D L (p.x + v ) 
T n n n h Y n n n r 
2 (m - 2) 
X 2 >" 2 a n d X 2 ' m - 1 
D = 0 D ^ 0 
q> ( x ) = D B ( a , b ) ( ; i x + v ) <p ( x ) = D P ( a ' b ) [ l - 2 ( | i x + v ) ] 
T n n n r T n n n L r J 
2 ( m c - 2) 
.2-
X 2 > 2 ' X 2 = m °^ 1 > D = ° 
/ 
\ 2 = 0 and N = 3 E i t h e r X 2 ^ 0 o r N > 4 
<p0(x) = 1 
cp. ( x ) = D. ( x + b ) No S u c h C a s e 
T r 1 o 
c p 2 ( x ) = D 2 [ ( x + b o ) 2 - C l ] 
( p 3 ( x ) = D 3 ( x + b Q ) 3 
F i g u r e 1. C l a s s i f i c a t i o n o f t h e P o l y n o m i a l s G e n e r a t e d 
b y t h e R e c u r s i v e R e l a t i o n ( l ) . 
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2(m - 2) 
V 2 > * 2 - - i r r r - ' 
2 < m < N - 2 N - l < m < 2 N - l 
- o - - o -
No S u c h C a s e a n o t an a an i n t e g e r 
i n t e g e r i n [ - n , - l ] i n [ - n , - l ] 
o ' o 
No S u c h C a s e n > 4 n s 2 o r n = 3 
o - o o 
• „ < « > - V l " " 0 ' " ^ 1 - 2 ( . « . v ) ] ( n - 0 . X f a . . . . , n o . X ) As indicated 
'n ( x ) = E n £ 2 ( l i x + v ) ] P o 
0 0
 (-n ,-k ) 
+ F P. ° ° [ l - 2 ( | i x * v ) ] 
" n +tn n ^ + m » i
 0 0 
o o 
w h e r e j = m i n (N - n , k - 1) , 
o o 
( - n , - k ) 
( p n ( x ) = D n P n 0 ° [ l - 2 ( | i x + v ) ] (n = n + j + l , n Q + j + 2 , . . . , N - - p r o v i d e d 
n Q + j < N) 
F i g u r e 2 . C l a s s i f i c a t i o n o f / t h e P o l y n o m i a l s G e n e r a t e d ( c o n t . ) . 
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a r e as p r e v i o u s l y d e f i n e d i n t h e t e x t ; t h e i n d e x n r u n s f r o m z e r o 
t h r o u g h N , i n c l u s i v e ; and t h e i n t e g e r m l i e s i n [ 2 , 2N - l ] . I t 
i s assumed t h a t £ < p n ( x ) } ^ _ o i s g e n e r a t e d a s i n ( l ) and t h a t i t s c o e f ­
f i c i e n t s s a t i s f y g ^ ( n ) == g 2 ( n ) = 0 , n = 1 , 2 , . . . , N - 2 . 
As a p o i n t i n p a s s i n g , i t s h o u l d be n o t e d t h a t t h e s e t o f a l l 
f i n i t e s e q u e n c e s { " P n ^ ^ J J - © s a " t i s f y i n g t n e c o n d i t i o n s i n d i c a t e d i n 
F i g u r e 2 i s n o n e m p t y ; t h a t i s , a f i n i t e s e q u e n c e | 9 n ^ x ) j n s : 0 * n w n i c n 
some o f i t s members a r e a l i n e a r c o m b i n a t i o n o f t w o t y p e s o f J a c o b i 
p o l y n o m i a l s ( r a t h e r t h a n one o n l y ) d o e s e x i s t . An e x a m p l e f o l l o w s . 
L e t m = 2k + 1, w h e r e k i s an i n t e g e r s u c h t h a t N -1 < 
2 k + 1 < 2N - 1, T h e n c h o o s e b n = b Q , n = 0 , 1 , 2 , . . . , N - 1, w h e r e b Q f i 0, 
c x ( 2 k - l ) ( 2 k + 2 - n ) n 
a n d C n = ( 2 k + 1 - 2 n ) ( 2 k + 3 - 2 n ) > n . = 1 , 2 , . . . , N - 1 , w h e r e y / 0 . 
T h e c o e f f i c i e n t s b^ and c^ so c h o s e n s a t i s f y g ^ ( n ) • 0 and 
g 2 ( n ) = 0 (n = 1 , 2 , . . . , N - 2 ) , r e s p e c t i v e l y [ 2 , p p . 18 - 2 l ] ; c n / 0 
(X - l ) 2 ( b n - b J 2 + 4 X (X - 2 ) c . 
f o r n = 1 , 2 , . . . , N - 1 ; and D = — - - ± - — - ~ = 
X 2 ( X 2 - 2 ) c 1 fi 0 . M o r e o v e r , t h e e q u a t i o n 0 = n o + a + b + k Q = 
n + . 2 i - 2 + k = n - ( m + l ) + k = n - ( 2 k + 2 ) + k f o r 
o X ^ - 2 o o o o o o 
2 ( b Q + x x ) 
1 < k < n < N i m p l i e s n = k + 1 = k : and a = -K 7 7 7 7 — r -1 = 
- 0 - 0 - 0 0 ' ( X 2 - 2 ) ( x 1 - x 2 ) 
- ( k + 1 ) = - n Q i s an i n t e g e r i n [ - n Q , - l ] . C o n s e q u e n t l y , i f 
| q > n ( x ) ^ _ o i s g e n e r a t e d as i n ( l ) w i t h t h e a b o v e s e t o f c^ and b ^ , 
n = 1 , 2 , . . . , N - l , t h e f i n i t e s e q u e n c e w i l l be o f t h e d e s i r e d t y p e . 
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CHAPTER I V 
S I M P L I F I C A T I O N OF T H E T H E O R Y 
AND D ISCUSSION OF SOME A P P L I C A T I O N S 
S o l u t i o n o f t h e E q u a t i o n g 2 ( n ) = 0 
T h e s o l u t i o n o f e q u a t i o n s (3) i s o b t a i n e d i n t h i s s e c t i o n u n d e r 
t h e c o n d i t i o n s X 2 ^ 2 and X 2 ^ 2 ^ \ ^ ' > m = 2 , 3 , . . . , 2 N - 1 . T h e s o l u ­
t i o n when X 2 = 2 i s a l r e a d y known [ 2 , e q u a t i o n s ( l l ) ] , and t h e r e m a i n ­
i n g s t i p u l a t i o n — e q u i v a l e n t t o X^ / X^ ( i ^ j ; i , j = 0 , 1 , 2 , . . . , N ) — 
i s t h e m i n i m a l o n e w h i c h g u a r a n t e e s t h a t t h e s e e q u a t i o n s h a v e no s i n g u l a r 
p o i n t s . T h e s o l u t i o n o f t h e s y s t e m c l e a r l y f a c i l i t a t e s u s a g e o f t h e 
t h e o r e m s d e v e l o p e d i n C h a p t e r I I I ; f o r i n s t e a d o f t e s t i n g t h e c o e f f i c i e n t s 
c and b one b y one i n t h e r e l a t i v e l y c o m p l i c a t e d d i f f e r e n c e e q u a -
n n 
t i o n s g ^ ( n ) - g 2 ( n ) = 0 , n = l , 2 , . . . , N - 2 , one can m e r e l y check w h e t h e r 
c and b a r e o f t h e p r o p e r f o r m , 
n n 
As was i n d i c a t e d i n C h a p t e r I I , t h e f i r s t o f e q u a t i o n s (3) has 
2 (m — 2) 
p r e v i o u s l y b e e n s o l v e d u n d e r t h e s t i p u l a t i o n X 2 / _ ~ ' , m = 2 , 3 , . . . , 
2 N - 1 . I t s s o l u t i o n a p p e a r s a s e q u a t i o n ( 4 ) , C h a p t e r I I . * I t r e m a i n s , 
t h e r e f o r e , t o c o n s i d e r o n l y t h e c o u p l i n g e q u a t i o n o f t h e s y s t e m g 2 ( n ) = 0 . 
T h e d i f f e r e n c e e q u a t i o n g 2 ( n ) = 0 , n = 1 , 2 , . . . , N - 2 , can be 
r e w r i t t e n as 
E v e n i f t h e d i f f e r e n c e e q u a t i o n g , ( n ) = 0 has a s i n g u l a r p o i n t , 
i t s s o l u t i o n i s s t i l l k n o w n ( s e e [ 2 ] , p p , 17 - 2 0 ) . J 
37 
[ ( 2 n + l ) ( \ 2 - 2 ) + 2 ] c n + 1 - [ ( 2 n - 3 ) ( X 2 - 2 ) + 2 ] c n = b n | [ (n+1) ( X 2 - 2 ) + l ] b n + 1 (27) 
- [n (X 2 -2 ) + , l ]b n } - bQ[ (\2-iyb{ - b ] + X 2 C l 1 
n = l , 2 , . . . , N - 2 . Define X 5 X 2 - 2, g n s (2n - 1)X + 2, and f n s nX + 1. 
Then, after the shift in index m = n + 1, (27) can be shortened to 
V t n " 9 m - 2 c m - l • V l ( f m b m " ' • - l b m - l ) ( 2 8 ) 
-
 b o ( f l b l - f o V + V l ' 
m - 2 , 3 , . . . , N - l . I t will be convenient in what follows to allow m t© 
take on the value 1. If c is defined to be zero, (28) reduces to the 
0 
identity X 2 y • X 2 c^ when m = 1. Therefore, nothing i s lost by this 
expansion of index range. 
If (28) is multiplied by 9m^t the left-hand side qan be written 
as V(g g , c ) , where V is the firstr-order difference operator 
m m-i m 
defined by Vh = h - h , . Since 7
 m m m-1 
n 
I " V « - l f J = g n V l c n ' 
n * 2 , 3 , . . . , N - l , the problem of solving (28) for c n in a tractable 
form reduces to summing the right-hand side of (28) multiplied by g m - 1 « 
To begin th is task, i t i s noted from (4) that for m » 1 , 2 , , . . , N - l 
* . -
b o + r < l + f i 7 > > ( 2 9 ) 
m m-1 
where j = i ( ^ - b Q ) f r Also, since f- ( l + ~ — ) = i ( l + f X f ~ 1 ) , 
m m-1 m m-1 
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m X 
b X + J + 0 f f . I 
m m-1 J 
(30) 
m = 1 ,2 - . . . .N- l . From ( 2 9 ) , f b = b f + j ( m + ) 5 conse-
mm o m m-1 
quently, 
V(f b ) = b X + J - t3^:1) . 
m m o f , f
 n 
(31) 
m-1 m-2 
Equations (30) and (31) yield an expression for the f i r s t term on the 
right-hand side of (28)s 
b . V (f b ) = ™ m-1 m nr X 
( x - i r 
" 2 2 f , f o 
m-1 m-2 
+ b *X + 2b J , o o (32) 
m = 1 , 2 , . . . , N - 1 . But, by definition of J , b X + 2b J = b ( f , b , - f b )•, 
' ' ' 9 i
 7
 O 0 O 1 1 O 0 
hence, the las t two terms of the right-hand side of (32) will eliminate 
the second term on the right-hand side of ( 2 8 ) . Therefore, after mul­
tiplying (28) by 9m_i> one obtains 
V(g Q . c ) = V 
m m-i m \ 'm-1
 f 2 f 2 
m-1 m-2 J 
+ g.c.g . , 3 1 l*m-l 9 (33) 
m = 1 , 2 , . . . , N - l . With the aid of the difference formula 
m-2 
m-1 
(X- l ) 2 g 
m-1 
2 2 f f 
m-1 m-2 
(33) can be rewritten;as 
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V ( g q , c ) = <g - V 
m m-1 m X m-1 
m ( f m - 2 + 1 ) 
m-1 
+ g , c , g , 
^1 l^m-1 
(34) 
m = 1 , 2 , . . . , N - 1 ; and s i n c e £ \ - \ = n ^ f n - 2 + 0 n e C a n 
m=l 
b o t h s i d e s o f (34) f r o m 1 t o n t o o b t a i n 
now sum 
g g , c = n ( f
 0 + 1) 
3 n n-1 n n - 2 
n-1 
(35) 
n = 2 , 3 , . . . , N - 1 . T h e c o n d i t i o n X 2 ^ ^ f l T ' i ^ , m = 2 , 3 , . . . , 2 N - 1 , 
i m p l i e s t h a t 9 n 9 n ± t 0> n = 2 , 3 , . . . , N - 1 . C o n s e q u e n t l y , i n t e r m s o f 
t h e o r i g i n a l n o t a t i o n , 
C n = L ( 2 n - l ) ( X 2 - 2 ) + 2 J L ( 2 n - 3 ) {X^V+TJ 1 * 2 C 1 
n [ ( n - 2 ) ( X 2 - 2 ) + 2] 
(36) 
, o
 9 ( n - l ) ( X 0 - 2 ) + 2 ^ 
\ ( b . - b ) 2 ( x 2 - i ) V i ) 2 I , 
4 1 0 2
 [ ( n - l ) ( X 2 - 2 ) + l ] 2 J 
n = 2 , 3 , . . . , N - 1 . I t s h o u l d be n o t e d h e r e t h a t i f X 2 = 2 , (36) r e d u c e s 
t o t h e known s o l u t i o n o f sJayne. H e n c e , e q u a t i o n s (36) and (4) can be 
t a k e n as t h e u n i q u e s o l u t i o n ( f o r g i v e n b Q , b ^ , c ^ , and X 2 ) o f ( 3 ) , 
2(m—2) 
t h e o n l y r e s t r i c t i o n b e i n g t h a t X 2 / ^ ' , m = 2 , 3 , . . . , 2 N - 1 . 
A p p l i c a t i o n s o f t h e T h e o r y 
A d i s c u s s i o n o f some u s e s o f t h e p r e v i o u s t h e o r y i s now g i v e n . 
T h e s e a p p l i c a t i o n s w i l l be c o n c e r n e d w i t h a c l a s s o f c o u p l e d l i n e a r 
s y s t e m s o f w h i c h t h e c o u p l e d h a r m o n i c o s c i l l a t o r s shown i n F i g u r e 3 may 
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be r e g a r d e d as a p r o t o t y p e . 
k 
0 m 
0 
SUM— 
m i 
k n + l 
m . 
n - l 
m 
n 
0 00 
F i g u r e 3 . A S y s t e m o f C o u p l e d H a r m o n i c O s c i l l a t o r s . 
T h e s y s t e m i n d i c a t e d i s assumed t o be d i s s i p a t i o n l e s s , and t h e s p r i n g s 
a r e l i n e a r and m a s s l e s s . T h e t e r m k may be z e r o : a l l o t h e r k and 
o n 
a l l m a r e t o be p o s i t i v e , 
n r 
S t a r t i n g w i t h a mass m Q and t w o s p r i n g s h a v i n g s p r i n g c o n s t a n t s 
ng 
k Q and k^, one c a n , b y s u c c e s s i v e l y a d d i n g a mass i t u and a s p r i 
w i t h s p r i n g c o n s t a n t j = 1 , 2 , . . . , N - l , c o n s t r u c t a f i n i t e s e q u e n c e 
JS V* o f s y s t e m s . T h e c h a r a c t e r i s t i c p o l y n o m i a l s f o r s u c h s y s t e m s - -
n = l 
o b t a i n e d b y a s s u m i n g s o l u t i o n s t o t h e d i f f e r e n t i a l e q u a t i o n s o f m o t i o n 
o f t h e f o r m x = T e l u * w h e r e T i s r e a l , u i s p o s i t i v e , and x 
n n n ' r ' n 
i s t h e d i s p l a c e m e n t o f mass m^ f r o m e q u i l i b r i u m — a r e p o l y n o m i a l s i n 
2 
u w h i c h s a t i s f y a t h r e e - t e r m r e c u r s i o n f o r m u l a o f t h e t y p e s t u d i e d i n 
p r e v i o u s c h a p t e r s w i t h 
- ( k + k . J 
b n = \ n 1 , n = 0 , 1 , 2 , . , . , N - 1 , 
n 
(37) 
and 
c = 
n 
n m m 
= 1 , 2 , . . . , N - 1 (38) 
n n - l 
T h e s e r e s u l t s h a v e , o v e r an i n f i n i t e i n d e x r a n g e , b e e n n o t e d e a r l i e r b y 
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J a y n e [ 2 , p p . 2 6 - 2 8 ] . 
I n t h e s e q u e l , t h e f i n i t e s e q u e n c e 
N 
o f s y s t e m s w i l l be 
n = l 
r e f e r r e d t o as a p h y s i c a l H e r m i t e s e q u e n c e o f o r d e r N i f , f o r 
n = 1 , 2 , . . . , N , t h e c h a r a c t e r i s t i c p o l y n o m i a l o f s y s t e m i s a 
2 
p o l y n o m i a l < P n ( u ) w h i c h i s — a p a r t f r o m a l i n e a r c h a n g e o f v a r i a b l e 
2 
and a m u l t i p l i c a t i v e c o n s t a n t H ^ C u ) . S i m i l a r d e f i n i t i o n s a r e t o 
h o l d f o r t h e t e r m s " p h y s i c a l g e n e r a l i z e d L a g u e r r e s y s t e m o f o r d e r N , " 
" p h y s i c a l e x t e n d e d g e n e r a l i z e d B e s s e l s y s t e m o f o r d e r N , " and 
" p h y s i c a l g e n e r a l i z e d J a c o b i s y s t e m o f o r d e r N . " 
T h e r e a r e a t l e a s t t w o t y p e s o f s i t u a t i o n s w h i c h c a n be e n c o u n t e r e d 
w h i l e a n a l y z i n g t h e c o n f i g u r a t i o n o f F i g u r e 3 w i t h n = N - 1 . F i r s t , one 
can be g i v e n a p a r t i c u l a r s y s t e m and a s k e d i f i t i s o f H e r m i t e , L a g u e r r e , 
B e s s e l , o r J a c o b i t y p e o f o r d e r N . I n t h i s i n s t a n c e t h e q u e s t i o n o f 
p h y s i c a l r e a l i z a b i l i t y d o e s n o t a r i s e ; t h e s y s t e m i s a l r e a d y b u i l t . S o 
t h e s p r i n g c o n s t a n t s and masses a r e , a p r i o r i , p o s i t i v e e x c e p t p o s s i b l y 
f o r k Q . H e n c e , T h e o r e m s 3.1 - 3 . 8 can be u t i l i z e d t o g i v e a c o m p l e t e 
a n s w e r . I f a c e r t a i n s e t o f c o n d i t i o n s i s s a t i s f i e d , t h e a n s w e r w i l l 
be " y e s " ; and t h e t y p e , t h e l i n e a r c h a n g e o f v a r i a b l e , and a p p r o p r i a t e 
p a r a m e t e r s , i f a n y , w i l l be u n i q u e l y s p e c i f i e d . I f a n y one o f t h e c o n d i ­
t i o n s i s n o t s a t i s f i e d , t h e a n s w e r w i l l be " n o . " I f t h e c o e f f i c i e n t s 
2 
b and c o f <p (u ) s a t i s f y a l l c o n d i t i o n s e x c e p t (4) and ( 3 6 ) , and 
n n n 
i f t h e s e e q u a t i o n s h o l d f o r n = 2 , 3 , . . . , j , 2 < j < N - 2 , t h e n t h e 
s y s t e m o b t a i n e d b y d e t a c h i n g m a s s e s
 m
^ _ ^ > " V j - ^ ' " * 0 , m j + l * a n ( ^ s P r ^ n 9 s 
w i t h s p r i n g c o n s t a n t s k^, k ^ _ ^ , . . . , k ^ + 2 w i l l he one o f t h e f o u r t y p e s 
o f o r d e r j + 1. On t h e o t h e r h a n d , one may w i s h t o c o n s t r u c t h i s own 
p h y s i c a l s y s t e m o f o r d e r N w h i c h i s o n e o f t h e f o u r t y p e s . I n t h i s 
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c a s e p h y s i c a l r e a l i z a b i l i t y i s an added f a c t o r . T h e o r e m s 3.1 - 3 . 8 
- ( k n + k n + 1 ) 
s t a t e n e c e s s a r y and s u f f i c i e n t c o n d i t i o n s on b a and 
' n m 
c 2 w h i c h m u s t be met i n t h e c h o i c e o f k and m : b u t t h e 
n m m , n n ' 
n n - l 
added p h y s i c a l r e q u i r e m e n t s t h a t k^ > 0 , n = 1 , 2 , . . . , N , k Q > 0 , and 
m^ > 0 , n = 0 , 1 , 2 , . . . , N - 1 , must a l s o be t a k e n i n t o a c c o u n t . 
J a y n e [ 2 , C h a p t e r I V ] d e a l t w i t h t h e l a t t e r s o r t o f p r o b l e m when 
t h e s y s t e m i s t o be o f i n f i n i t e o r d e r and d e d u c e d e x i s t e n c e t h e o r e m s f o r 
e a c h o f t h e f o u r t y p e s . S p e c i f i c a l l y , he p r o v e d t h a t o n l y t h e J a c o b i - a n d 
L a g u e r r e - t y p e s y s t e m s o f i n f i n i t e o r d e r can e v e r be g e n e r a t e d , and t h e 
m n + l 
l a t t e r c a s e can o c c u r o n l y i f l i m — — = 1 . He t h e n p o s e d t h e same s o r t 
n - > 0 0 m n 
o f e x i s t e n c e q u e s t i o n f o r t h e g e n e r a l f i n i t e c a s e . C o n s t r u c t i o n s o f 
p h y s i c a l s y s t e m s o f a r b i t r a r y p r e a s s i g n e d o r d e r N w h i c h e x e m p l i f y e a c h 
o f t h e f o u r t y p e s w i l l be p e r f o r m e d i n t h e n e x t c h a p t e r . T h u s , J a y n e ' s 
e x i s t e n c e q u e s t i o n can be a n s w e r e d a f f i r m a t i v e l y i n a l l f o u r c a s e s f o r 
t h e g e n e r a l f i n i t e s y s t e m . 
One a d v a n t a g e w h i c h o c c u r s when t h e s y s t e m i s one o f t h e f o u r 
t y p e s i s t h e e a s e w i t h w h i c h i t s n a t u r a l f r e q u e n c i e s can be c a l c u l a t e d . 
F o r e x a m p l e , i f t h e c o n f i g u r a t i o n i s a p h y s i c a l H e r m i t e s y s t e m o f o r d e r 
N , and i f ( t 1^ r e p r e s e n t s t h e f i n i t e s e q u e n c e o f z e r o s o f H ^ ( t ) , 
m=l . 
1 2 o 
t h e n t h e e q u a t i o n s u + - = t , m = 1 , 2 , . . . , N — o b t a i n e d 
- A T m 
b y s e t t i n g t h e a r g u m e n t o f c h a r a c t e r i s t i c p o l y n o m i a l cp^  e q u a l t o t — 
w i l l y i e l d t h e d e s i r e d f r e q u e n c i e s . S i n c e t h e z e r o s o f t h e H e r m i t e 
p o l y n o m i a l s a r e t a b u l a t e d t o a h i g h d e g r e e o f a c c u r a c y i n many p l a c e s , 
| t m j may be c o n s i d e r e d as known f o r a l l p r a c t i c a l p u r p o s e s . S i m i l a r 
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r e m a r k s h o l d f o r t h e L a g u e r r e , B e s s e l , and J a c o b i c a s e s . I n t h i s c o n ­
n e c t i o n i t s h o u l d be p o i n t e d o u t t h a t much i s known a b o u t t h e z e r o s o f 
t h e s e c l a s s e s o f p o l y n o m i a l s [ 4 ] ; a n d , t h e r e f o r e , i f a t a b u l a t i o n o f 
t h e z e r o s o f t h e p a r t i c u l a r p o l y n o m i a l i n v o l v e d i s n o t a v a i l a b l e , s u c h 
a c o m p i l a t i o n c o u l d e a s i l y be p e r f o r m e d w i t h t h e a i d o f an e l e c t r o n i c 
c o m p u t e r and s t a n d a r d n u m e r i c a l p r o c e d u r e s . O f c o u r s e , i f one w i s h e s 
t o compute t h e n a t u r a l f r e q u e n c i e s o f a n y s u b s y s t e m ( l < j < N - l ) , 
he need o n l y t h i n k o f d e t a c h i n g m a s s e s m^ ^ , m^ ^9»,,fm^ and s p r i n g s 
h a v i n g s p r i n g c o n s t a n t s k^, k^ ^ , . . . , k ^ + ^ and t h e n a n a l y z i n g t h e 
t r u n c a t e d s y s t e m as b e f o r e w i t h N r e p l a c e d b y j . 
F o r t h e sake o f c o m p l e t e n e s s i n t h i s c h a p t e r , t w o f i n a l f a c t s 
a r e p o i n t e d o u t . F i r s t , no s p r i n g - m a s s c o m b i n a t i o n o f o r d e r t h r e e can 
2 
e v e r be c o n s t r u c t e d i n w h i c h t h e c h a r a c t e r i s t i c p o l y n o m i a l s <p n(u ) a r e 
a s l i s t e d on t h e b o t t o m o f F i g u r e 1 ( s e e p . 3 3 ) . T h i s c o n c l u s i o n f o l -
( b 0 - b i ) 2 + 4 ( c , + c 2 ) 
l o w s f r o m t h e f a c t t h a t 0 < %^ ~ — : — — ^ * i n a n y s p r i n g -
mass c o n f i g u r a t i o n w h i l e = 0 f o r t h e p o l y n o m i a l s i n q u e s t i o n . S e c ­
o n d l y , t h e e x i s t e n c e q u e s t i o n f o r a s p r i n g - m a s s c o m b i n a t i o n i n w h i c h t h e 
c o n d i t i o n s o f F i g u r e 2 h o l d ( s e e p . 34) i s n o t c o n s i d e r e d i n t h i s p a p e r ; 
b e c a u s e e v e n i f s u c h a s y s t e m w e r e c o n s t r u c t a b l e , a k n o w l e d g e o f t h e 
z e r o s o f t h e c o m p o n e n t t e r m s o f <pn w o u l d n o t a i d i n t h e d e t e r m i n a t i o n 
o f t h e z e r o s o f <p u n l e s s F , = 0 f o r m = 0 . 1 , 2 . . . . . j . w h e r e 
r n n +m ' ' ' , J ' 
o 
j = m i n (N - n Q , k Q - 1 ) . 
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CHAPTER V 
P H Y S I C A L H E R M I T E , LAGUERRE. B E S S E L , AND 
J A C O B I SYSTEMS OF F I N I T E ORDER 
N e c e s s a r y C o n d i t i o n s f o r t h e C o n s t r u c t i o n o f S u c h S y s t e m s 
As was p o i n t e d o u t i n t h e s e c o n d s e c t i o n o f C h a p t e r I V , t h e c o n ­
s t r u c t i o n o f a p h y s i c a l H e r m i t e , L a g u e r r e , B e s s e l , o r J a c o b i s y s t e m o f 
o r d e r N can be p e r f o r m e d o n l y i f t h e added r e s t r i c t i o n s b^ < 0 , 
n = 0 , 1 , 2 , . . . , N - 1 , and c^ > 0 , n = 1 , 2 , . . . , N - 1 a r e t a k e n i n t o 
a c c o u n t . T h e s e r e s t r i c t i o n s a r i s e b e c a u s e o f t h e p h y s i c a l i n t e r p r e t a ­
t i o n o f k^ and m n as p o s i t i v e q u a n t i t i e s ( e x c e p t p o s s i b l y f o r k Q ) 
and t h e r e l a t i o n s h i p s b e t w e e n k , m , b , and c e x p r e s s e d b y 
n n n n 
(37) and ( 3 8 ) . I n t h e n e x t f o u r t h e o r e m s t h e c o n s t r a i n t s on b^ and 
c^ w i l l be t r a n s f o r m e d i n t o e q u i v a l e n t c o n d i t i o n s i n v o l v i n g o n l y b Q , 
b l » c l * a n d N * 
N o t i c e f i r s t t h a t i f \ 2 = 2 , e q u a t i o n s (4) and (36) r e d u c e t o 
b n = b o + ^ b l " b o ^ n ? n = 2 > 3 > - * * > N - ' l , (39) 
and 
c
n
 =
 ^-f^ (b x - b Q ) 2 + n y , n = 2 , 3 , . . . , N - 1 , (40) 
r e s p e c t i v e l y . F r o m t h e s e r e l a t i o n s t h e f i r s t o f t h e f o u r t h e o r e m s f o l ­
l o w s as a t r i v i a l c o n s e q u e n c e ; i t i s s t a t e d s i m p l y f o r c o m p l e t e n e s s . 
T h e o r e m 5 . 1 . I f \ ~ = 2 and b , = b , t h e n c > 0 , 
——— 2 l o n 
n = 1 , 2 , . . . , N - 1 , and b n < 0 , n = 0 , 1 , 2 , . . . , N - 1 , i f and o n l y i f c 1 > 0 
45 
and k>G < 0. T h u s , i f a p h y s i c a l H e r m i t e s y s t e m o f o r d e r N i s c o n ­
s t r u c t e d , b Q < 0 and c^ > 0 must o c c u r i n a d d i t i o n t o t h e h y p o t h e s i s 
o f T h e o r e m 3 . 1 . 
When £ b Q , t h e r i g h t - h a n d s i d e o f (39) i s n e g a t i v e f o r 
n = 2 , 3 , . . . , N - 1 i f and o n l y i f b^ < b Q ( l * ~ ) , and t h i s i s t r u e i f 
and o n l y i f b , < b ( l - ^ , ) s i n c e b . and b a r e n e g a t i v e . T h e 
7
 l o N - 1 1 o 
f o l l o w i n g r e s u l t i s t h e n e v i d e n t . 
T h e o r e m 5 .2 . I f X>2 = 2 and b^ F b Q , t h e n c^ > 0, n = 1 , 2 , . . , , 
N-1, and b^ < 0, n = 0 , 1 , 2 , . P . , N - 1 , i f and o n l y i f BQ < 0, B^ < 0, 
B^ < B Q ( l - j ~ - y ) , and > 0. T h u s , i f a p h y s i c a l e x t e n d e d g e n e r ­
a l i z e d L a g u e r r e s y s t e m o f o r d e r N i s c o n s t r u c t e d , b Q < 0, b^ < 0, 
^1 ^ ^ o (^ ~ N~^ T 7 ' a n c * c l ^ 0 must o c c u r i n a d d i t i o n t o t h e h y p o t h e ­
s i s o f T h e o r e m 3 .3 . 
I t i s w o r t h n o t i n g t h a t a n y L a g u e r r e - t y p e s y s t e m o f o r d e r N 
w h i c h i s c o n s t r u c t e d w i l l f a l l i n t o t h e c l a s s i c a l g e n e r a l i z e d L a g u e r r e 
c a t e g o r y and c a n n o t be o f t h e e x t e n d e d g e n e r a l i z e d L a g u e r r e t y p e . F o r 
s u p p o s e t h a t such: a- s y s t e m i s b u i l t . T h e n , b y T h e o r e m s 3.3 and 3 .4 , i t s 
2 a 2 
c h a r a c t e r i s t i c p o l y n o m i a l s <p (u ) a r e t h e p o l y n o m i a l s D L (JICJ + v ) , 
4c 
w h e r e a = —7: - 1. T h e c o n d i t i o n s b < 0, b . < 0, and c . > 0 
( b o - b l ) 2 0 1 
i m p l y a > - 1 . H e n c e , t h e p o l y n o m i a l s a r e o f t h e c l a s s i c a l t y p e . 
T h e o r e m 5 . 3 . I f \ 2 + 2, i f \ 2 f ^ " . " ^ > m = 2 , 3 , . . . ,2N-1, 
and i f D = 0, t h e n b n e x p r e s s e d i n (4) i s n e g a t i v e f o r n = 0 , 1 , 2 , . . . , 
N-1 and c^ e x p r e s s e d i n (36) i s p o s i t i v e f o r n = 1 ,2 , . . , ,N-1 i f and 
o n l y i f b < 0, b . < 0, c . > 0, 2 - 2 - < \ 0 < 2, and e i t h e r 
O 1 ' 1 ' 2N-3 2 
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b l < BO ) f 1 " L 2 I ( N - 2 ) ( K 2 - 2 ) J ( N - l ) } ( 4 1 ) 
o r 
B F I L W L 2 — ) < ^ < B O F L ^ ) . (42) 
° \ X 2 * V I [ 2 + ( N - 2 ) ( X ^ 2 ) ] ( N - l ) J 1 °\*2-1 / 
1 -
[ 2 + ( N - 3 ) ( \ 2 - 2 ) ] ( N - 2 ) 
T h u s , i f a p h y s i c a l e x t e n d e d g e n e r a l i z e d B e s s e l s y s t e m o f o r d e r N i s 
2 
c o n s t r u c t e d , t h e n b < 0 , b . < 0 , c . > 0 , 2 - — — o < X ~ < 2 , and 
o ' 1 1 2N - 3 , 2 
e i t h e r (41) o r (42) m u s t a l l o c c u r i n a d d i t i o n t o t h e h y p o t h e s i s o f 
T h e o r e m 3 . 5 . 
P r o o f . S u p p o s e f i r s t t h a t c^ > 0 , n = 1 , 2 , . . . , N - l , and 
b n < 0 , n = 0 , 1 , 2 , . . . , N - 1 . T h e n 
0 D -
 ( V ^ 2 ( B O - B I ) 2 + - 2 K 
i m p l i e s 0 < X 2 < 2 ; and t h e s o l u t i o n f o r c n d i s p l a y e d i n (36) r e d u c e s 
t o 
c X n [ ( n - 2 ) ( X 9 - 2 ) + 2] 
C = LJ± _£ _ (43) 
n
 [ ( 2 n - l ) ( X 0 - 2 ) + 2 ] [ ( 2 n - 3 ) ( \ 0 - 2 ) + 2 ] [ ( n - l ) ( X 0 - 2 ) + l ] 2 ' 
n = 2 , 3 , . . . , N - l . D e n o t e t h e b r a c k e t e d e x p r e s s i o n i n t h e n u m e r a t o r o f 
(43) b y ( c ) n > t h e l e f t b r a c k e t e d e x p r e s s i o n i n t h e d e n o m i n a t o r o f (43) 
b y ( A ) n and t h e m i d d l e b r a c k e t e d e x p r e s s i o n i n t h e d e n o m i n a t o r o f (43) 
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b y ( B ) n « I f n = 2 , ( B ) 2 and ( C ) 2 a r e p o s i t i v e ; a n d , s i n c e c ^ > 0 , 
(43) i m p l i e s ( A ) ^ > 0 . T h u s , ~ < I f N = 3 t h e a s s e r t i o n c o n c e r n ­
i n g i s v e r i f i e d . S u p p o s e t h a t N > 4 and t h a t ( A ) . , (B) . , and 
( C ) j a r e p o s i t i v e f o r some i n t e g e r j s a t i s f y i n g 2 < j < N - 2 . T h e n 
(B) . . . > 0 b e c a u s e ( B ) . . . = ( A ) . . S i n c e \ 0 - 2 < 0 , (B) < (C) f o r 
j + l j +1 J 2 ' n — n 
n > 1; c o n s e q u e n t l y ( c ' j + i > ^ * S i n c e c^. + ^ > 0 b y h y p o t h e s i s , (43) 
i m p l i e s ( A / j + i ^ 0* H e n c e , b y f i n i t e i n d u c t i o n , ( A ) n > ^ B / n ' a n c * ^ C / n 
2 2 
a r e p o s i t i v e f o r n = 2 , 3 , . . . , N - 1 ; t h a t i s , X_2 > 2 - 2 n . i > \ 2 > 2 - 2h~~3> 
and ( n - 2 ) \ 2 > 2 ( n - 2 ) - 2 , n = 2 , 3 , . . . , N - 1 . T h e l a s t t h r e e i n e q u a l i t i e s 
2 
a r e e q u i v a l e n t t o \ 2 > 2 - ^ 3 . T o d e d u c e (41) o r ( 4 2 ) , f i r s t s e t 
6 = 2 - \ 2 . T h e n 0 < 6 < 2 , 0 < ( n - l ) 6 < 1 f o r n = 2 , 3 , . . . , N - 1 , 
and 0 < n& < 1 f o r n = 2 , 3 , . . . , N - 2 . I n t e r m s o f 6 , (4) can be 
w r i t t e n as 
[ b . ( l - 6 ) - b ( l + 6 ) ] [ 2 - ( n - l ) 5 ] n + 2b (1+6) 
b = _ i 0 * „ 9 _ (44) 
n 2(1 - n 6 ) [ l - ( n - l ) S ] ' ' 
h = 2 , 3 , . . . , N - 1 ; and t h e d e n o m i n a t o r w i l l be p o s i t i v e f o r 
n = 2 , 3 , . . . , N - 2 . A c c o r d i n g t o w h e t h e r ( N - l ) & < 1 o r ( N - l ) 6 > 1, 
(41) o r (42) w i l l o c c u r . F o r s u p p o s e ( N - l ) 6 < 1. T h e n b n < 0 f o r 
n = 2 , 3 , . . . , N - 1 i f and o n l y i f t h e n u m e r a t o r o f (44) i s n e g a t i v e f o r 
n = 2 , 3 , . . . , N - 1 . T h i s i s t r u e i f and o n l y i f 
1
 o l - 6 ^
 [ 2 . ( N . 1 > P ] H J 
w h i c h i s e q u i v a l e n t t o 
b l < b 0 ( H T > 1 " [ 2 - (N-2)>J(N-1) ' ( 4 6 ) 
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s i n c e t h e e x p r e s s i o n i n b r a c e s i n (45) i s a p o s i t i v e s t r i c t l y i n c r e a s i n g 
f u n c t i o n o f n and b Q and b^ a r e n e g a t i v e . I f 1 < ( N - l ) & , b^ < 0 
f o r n = 2 , 3 , . . . , N - l i f and o n l y i f (46) h o l d s w i t h N r e p l a c e d b y 
N - l and 
[ b ^ l - 6 ) - b ( l + f t ) ] [ 2 - ( N - 2 ) 6 ] ( N - 1 ) + 2 b Q ( l + & ) > 0 . (47) 
I n e q u a l i t y (47) i s t r u e i f and o n l y i f 
b. > b ( f - ± 4 ) ( l ) . (48) 
1 o v l - &' \ ^ [ 2 - ( N - 2 ) 6 ] ( N - l ) J 
I n e q u a l i t y (46) ( w i t h N r e p l a c e d b y N - l ) and (48) y i e l d ( 4 2 ) . N o t e 
t h a t t h e c a s e ( N - l ) & = 1 c a n n o t o c c u r s i n c e ( N - l ) & = 1 i m p l i e s 
V 2 = 2 ^ 2 N - \ ) 2 ] L — 3 f o r D i d d e n v a l u e o f 
2 
C o n v e r s e l y , s u p p o s e t h a t b Q < 0 , b^ < 0 , c^ > 0 , 2 - ^ _ 3 < 
X 2 < 2 , and t h a t e i t h e r (41) o r (42) h o l d s . A l l s t e p s t a k e n i n t h e n e c e s ­
s i t y p a r t o f t h e p r o o f f o r t h e d e r i v a t i o n o f (41) and (42) a r e r e v e r s i b l e . 
2 
H e n c e , b < 0 , n = 0 , 1 , 2 , . . . , N - 1 . When 2 - „ , . < X 0 < 2 , t e r m s 
n j * * * 2 N - 3 2 
(A) , (B) , and (C) a r e p o s i t i v e f o r n = 2 , 3 , . . . , N - l . C o n s e -
n n n 7 7 7 
q u e n t l y , b y ( 4 3 ) , c^ > 0, n = 1 , 2 , . . . , N - l . T h i s c o m p l e t e s t h e p r o o f . 
T h e o r e m 5 , 4 . I f X 2 fi 2 , i f X 2 fi ^ T ^ " > m = 2 , 3 , . . . , 2 N - 1 , 
and i f D f 0 , t h e n b^ e x p r e s s e d i n (4) i s n e g a t i v e f o r n = 0 , 1 , 2 , . . . , 
N - l and c^ e x p r e s s e d i n (36) i s p o s i t i v e f o r n = 1 , 2 , . . . , N - l i f and 
o n l y i f b Q < 0 , b ] [ < 0 , y > 0 , 2 - 3 < X 2 , and e i t h e r (41) o r 
(42) h o l d s . T h u s , i f a p h y s i c a l g e n e r a l i z e d J a c o b i s y s t e m o f o r d e r N i s 
2 
c o n s t r u c t e d , t h e n b < 0 , b , < 0 , c . > 0 , 2 - — — - z < X~» and e i t h e r 
o 1 1 2 N - 3 2 
(41) o r (42) must a l l o c c u r i n a d d i t i o n t o t h e h y p o t h e s i s o f T h e o r e m 3 . 7 . 
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P r o o f . T h e p r o o f i s s i m i l a r t o t h a t o f T h e o r e m 5 . 3 and t h e r e ­
f o r e w i l l be somewhat b r i e f . I n (36) l e t [ ( 2 n - l ) ( \ 2 « 2 ) + 2] = 
( A ) n , [ ( 2 n - 3 ) ( X 2 - 2 ) + 2] • ( B ) n , [ ( n - 2 ) ( X g - 2 ) + 2] 5 ( C ) n , and 
[ ( n - l ) ( x 2 - 2 ) + 2] = (D) , and s u p p o s e f i r s t t h a t c n > 0 , n * 1 , 2 , . . . , N - 1 
(b - b ) 2 + 4 ( c +c ) 
and b < 0 , n = 0 , 1 , 2 , . . . , N - 1 . T h e n X = — — — - — — > 0 
n 7 7 7 7 7 2 3 c 2 
so t h a t (B) 2 > (c)2» a n o - (D'2 a r e p o s i t i v e . S i n c e C2 > 0 , 
( A ) 2 > 0 ; so t h e c a s e N = 3 i s s e t t l e d . I f N > 4 and ( A ) . , (B) . , 
^ 3 3 
(C) . , and (D) . a r e p o s i t i v e f o r some i n t e g e r j s u c h t h a t 2 < j < 
3 3 
N - 2 , ( B ) j + 1 = ( A ) j > 0 . I f X 2 > 2 , ( A ) j + 1 , ( C ) j + 1 , and ( D ) j + 1 
a r e a l l p o s i t i v e ; and i f 0 < X 2 < 2 , ( B ) n < ( D ) n < ( C ) ^ f o r n > 2 . 
C o n s e q u e n t l y , b o t h ( c ) j + i a n c * ^ ' j + l a r e p o s i t i v e ; a n c * s i n c e 
C j + 1 ^ ^» ^ ' j + 1 ^ ^ ' H e n c e , w h e n e v e r X 2 > 0 e a c h o f t h e f o u r t e r m s 
2 
i s p o s i t i v e f o r n = 2 , 3 , . . . , N - 1 . I t f o l l o w s t h a t X 2 > 2 - 2 n - 3 . T h e 
v e r i f i c a t i o n o f (41) and (42) can be r e p e a t e d v e r b a t i m f r o m t h e p r o o f o f 
T h e o r e m 5 . 3 as can t h e s u f f i c i e n c y p a r t o f t h i s t h e o r e m . 
Now s u p p o s e t h a t a p h y s i c a l J a c o b i - t y p e s y s t e m o f o r d e r N i s 
b u i l t . I t w i l l n e x t b e shown t h a t t h e J a c o b i c h a r a c t e r i s t i c p o l y n o m i a l s 
g e n e r a t e d a r e o f t h e c l a s s i c a l t y p e i f and o n l y i f X 2 > 2 . T h u s , i f 
2
 " 2N^"3 K X 2 < 2 a n d X 2 ^ if^T^ 7 m = 2 , 3 , . . . , 2 N - 1 , t h e c h a r a c t e r ­
i s t i c p o l y n o m i a l s w i l l f a l l i n t o t h e g e n e r a l i z e d J a c o b i c a t e g o r y . T h e 
2 
l a s t t w o c o n d i t i o n s a r e c l e a r l y e q u i v a l e n t t o 2 -
 2 N . . 3 < X 2 < 2 and 
/ ^ 3 
K 2 r N - 1 ' 
W h e n e v e r a J a p o b i - t y p e s y s t e m o f o r d e r N i s c o n s t r u c t e d , T h e o r e m s 
3 . 7 and 3 . 8 i m p l y t h a t f o r n = 0 , 1 , 2 , . . . ,N -1 < p n ( u 2 ) = D n P ^ a , b / [ 1-2(jioj2+v)], 
2(x + b ) 2 ( * 2 + b o > 
W h e r e a =
 ( X 2 - 2 ) ( x r x 2 ) ' l a n d b = ( V 2 . 2 ) ( x 2 - X l ) - U I f b l s b o > 
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a + 1 = b + 1 = 
K 2 - 2 
so t h a t a > -1 and b > -1 }.f and o n l y i f 
X 2 > 2 . I f bx fi b Q , 
a + 1 = 
X 2 - 2 
1 + 
( b r b o ) ( X 2 - 2 ) 
b 1 - b Q | X 2 - 2 | 1 + 
4 X 2 ( X 2 - 2 ) c 1 
( b o . b i ) 2 ( v l ) 2 j 
(49) 
and 
b + 1 = 
X 2 - 2 
1 -
( b - b ) ( X 2 - 2 ) 
b l - b o M x 2 - 2 | 1 + 
4 \ 2 ( X 2 - 2 ) C l 
V i ) 2 ( V 1 > 2 , 
, (50) 
w h e r e t h e s q u a r e r o o t u s e d i n b o t h c a s e s i s t h e p r i n c i p a l o n e . I f X 2 > 2, 
t h e r i g h t - h a n d s i d e o f (49) and (50) i s p o s i t i v e ; a n d , c o n s e q u e n t l y , t h e 
2 
J a c o b i p o l y n o m i a l s i n q u e s t i o n a r e o f t h e c l a s s i c a l t y p e . I f 2 - ^ _ ^ < 
X 2 < 2 and X 2 fi ^ " \ > ^he b r a c k e t e d e x p r e s s i o n s i n (49) and (50) c a n ­
n o t s i m u l t a n e o u s l y be n e g a t i v e ; so a > -1 and b > -1 c a n n o t o c c u r . 
T h e J a c o b i p o l y n o m i a l s i n t h i s c a s e m u s t be o f t h e g e n e r a l i z e d t y p e . 
A s a f i n a l r e m a r k i n t h i s s e c t i o n , t h e s i g n i f i c a n c e o f t h e p a r a m ­
e t e r X 2 i s m e n t i o n e d , , M a t h e m a t i c a l l y , t h e d i v i s i o n i n t h e c l a s s i f i c a ­
t i o n scheme when X ~ = 2 and X ~ fi 2 i s t o be e x p e c t e d . F o r w i t h 
d 2 v 
X^ = 1, 2 i s t h e o n l y v a l u e o f X 2 f o r w h i c h t h e c o e f f i c i e n t o f — * 
d x 
i n (2) d o e s n o t i n v o l v e x ; and t h e r e f o r e t h e c h a r a c t e r o f t h e p o l y ­
n o m i a l s o l u t i o n s o f (2) w i l l be d e c i d e d l y d i f f e r e n t i n t h e c a s e s X 2 = 2 
and X 2 fi 2 . M o r e o v e r , t h e o m i t t e d v a l u e s 2 ^ m ^ , m = 2 , 3 , . . . , 2 N - 1 , 
i n t h e B e s s e l and J a c o b i c a s e s a r e a d i r e c t r e f l e c t i o n o f t h e r e q u i r e m e n t 
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t h a t q>n be o f d e g r e e n , n = 0 , 1 , 2 , . . . , N . On t h e o t h e r h a n d , when b^ 
and c a r e i d e n t i f i e d w i t h s p r i n g c o n s t a n t s k and masses m as 
n r ' n n 
p r e s c r i b e d i n (37) and ( 3 8 ) , t h e q u e s t i o n o f a m e a n i n g f u l p h y s i c a l 
2(m—2) 
i n t e r p r e t a t i o n o f t h e i m p o r t a n t c a s e s \ 2 =? 2 and \ 2 f ^ ~ ^ ' , 
m = 2 , 3 , . . . , 2 N - 1 , a r i s e s . S u c h an i n t e r p r e t a t i o n , i f i t e x i s t s , has 
n o t y e t b e e n f o u n d ; i t r e m a i n s an o p e n q u e s t i o n . 
Some C o n s t r u c t i o n s o f t h e F o u r T y p e s o f S y s t e m s 
T h e l a s t s e c t i o n c o n t a i n e d a l i s t i n g o f a l l c o n d i t i o n s on b^ and 
c^ w h i c h m u s t be s a t i s f i e d i n o r d e r t o c o n s t r u c t f i n i t e p h y s i c a l s y s t e m s 
o f t h e d e s i r e d t y p e s . U n f o r t u n a t e l y , t h e s a t i s f a c t i o n o f t h e s e c o n d i ­
t i o n s d o e s n o t g u a r a n t e e the p o s i t i v e n e s s o f k^ and m^ i n (37) and 
( 3 8 ) . F o r s u p p o s e a l l n e c e s s a r y c o n d i t i o n s on b^ and c^ a r e m e t . 
W i t h b , b , , c , , and X ~ s p e c i f i e d , t h e q u a n t i t i e s b and c a r e 
c o m p l e t e l y d e t e r m i n e d b y (4) and (36) f o r n = 2 , 3 , . . . , N - 1 . E q u a t i o n s 
(37) and (38) t h e n f o r m a f i n i t e s y s t e m o f c o u p l e d n o n l i n e a r d i f f e r e n c e 
e q u a t i o n s i n t h e v a r i a b l e s k and m . F a i l u r e t o s a t i s f y t h e r e s t r i c -
n n 7 
t i o n s on k^ and m^ i n t h e t e r m - b y - t e r m c o m p u t a t i o n o f t h e s e q u a n t i t i e s 
can o n l y o c c u r i f i n (37) k^ < 0 f o r some i n t e g e r j i n [ 0 , N ] . I n 
t h i s ease t h e s y s t e m w i l l be one o f t h e f o u r t y p e s o f o r d e r j - 1 , p r o ­
v i d e d j > 4 ; b u t i t w i l l n o t be o f o r d e r N . 
T h e p o s s i b i l i t y o f c o n s t r u c t i n g one o f t h e f o u r t y p e s o f s y s t e m s 
h i n g e s on t h e a n s w e r t o t h e f o l l o w i n g q u e s t i o n : I s i t p o s s i b l e t o c h o o s e 
b , b . , , c. , and X 0 s u c h t h a t a l l n e c e s s a r y c o n d i t i o n s on b and 
o' 1' 1' 2 7 n 
c^ f o r t h e p a r t i c u l a r t y p e o f s y s t e m h o l d and s u c h t h a t , w i t h t h e p o s ­
s i b l e e x c e p t i o n k Q = 0 , t h e s o l u t i o n p a i r { k n > m n j - t o t h e f i n i t e 
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d i f f e r e n c e s y s t e m (37) and (38) i s p o s i t i v e ? T h i s e x i s t e n c e q u e r y was 
f i r s t p o s e d b y J a y n e [ 2 , p . 2 8 ] . I t w i l l be a n s w e r e d h e r e f o r a l l f o u r 
t y p e s o f s y s t e m s . I n e a c h c a s e t h e a f f i r m a t i v e a n s w e r i s p r o v e d b y a 
c e r t a i n c l a s s o f e x a m p l e s . T h u s , n o t o n l y i s t h e q u e s t i o n o f p h y s i c a l 
r e a l i z a b i l i t y a n s w e r e d ; a m e t h o d o f s e l e c t i n g b Q , b ^ , c ^ , and \ ^ 1 S 
a l s o g i v e n . T o b e g i n t h e d i s c u s s i o n an i m p o r t a n t e q u a t i o n i s d e r i v e d . 
S u p p o s e t h a t t h e e x i s t e n c e q u e s t i o n can be a n s w e r e d a f f i r m a t i v e l y . 
k n 2 - < k n - l + k n ) 
T h e n k + k, = -m b and = m , = f o r 1 < n < N -1 
o 1 o o c m n - l b - -
n n n - l 
k 2 b k + k 
I t f o l l o w s t h a t — / , n £ r = n ~ t — ~ f o r 1 < n < N - l . I f i t i s 
c (k + k . , ) b , - -
n n n + 1 n - l 
f u r t h e r assumed t h a t k Q i s c h o s e n as p o s i t i v e t t h e l a s t e q u a t i o n can 
be r e w r i t t e n as 
k , , b , b 
T . n+1 n - l n , s 
1 +
 — ~ ( k - Y 7 \ > ( 5 1 ) 
n
 c f + n 1/ 1 ] 
n V k J 1 + k / k , - 1 n - l / V n' n - l 
k 
1 < n < N - l . F o r 0 < n < N - l , l e t v = 1 + . T h e n (51) 
n t l k n 
becomes 
n \ n / 
k l 
1 < n < N - l w i t h v ^ = 1 + . E q u a t i o n (52) p r o v i d e s t h e k e y f o r t h e 
o 
f o r t h c o m i n g d e v e l o p m e n t o f e x a m p l e s . 
F o r t h e H e r m i t e - t y p e s y s t e m , T h e o r e m 5.1 s p e c i f i e s t h e c o n d i t i o n s 
o n b and c w h i c h must be s a t i s f i e d f o r a n y s u c c e s s f u l c o n s t r u c t i o n , 
n n 7 
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I n t h i s c a s e b and c a r e d e t e r m i n e d b y (39) and (40) i n w h i c h 
n n i f f 
b l = b o ' t l i e d i f f e r e n c e s y s t e m o f (37) and (38) r e d u c e s t o 
k + k , . = -m b , n = 0 , 1 , 2 , . . . , N - 1 , (53) 
n n+1 n o ' > > > > > 
and 
k = nm ,m c . , n = 1 , 2 , . . . . N - 1 : (54) 
n n-rl n 1' ' ' 7 ' 
and (52) becomes 
VN+L " FST H - F > <55> 
1 n 
k l 
f o r 1 < n < N-1 w i t h v, 3 1 + P . ~ L e t k > 0 , k. > k , and m > 0 
— — 1 k o 1 — o o 
o 
- (k + k 2 ) k b Q 2 
be c h o s e n and s e t b = • — . T h e n s e t c , = 777;—rr > w h e r e 0 m 1 4(N -* 1; ' 
o 
k i s a number i n ( 0 , l ] . W i t h t h e s e c h o i c e s > 2; a n d , b y f i n i t e 
i n d u c t i o n , 
2 2 
V = ^ ( 1 . - L ) > ( I ) = 2 ( N - 1 ) 2 
n+1 n c . u v ' - n c .
 K2 ) kn - k - * 
1 n 1 
k n + l 
f o r 1 < n < N - 1 . H e n c e , . = v - 1 > 1; a n d , s i n c e k. > k > 0 , 
— — * k n+1 - 7 1 0 ' 
n 
k^ > 0 f o r 0 < n < N . C o n s e q u e n t l y , i f k^ i s computed f r o m ( 5 5 ) , i t 
i s p o s i t i v e and s a t i s f i e s 
9 N CL 
K = ^KN 1 + K J ( L < + k
 + 1 ) (56) 
n ^ 2 n-1 n n n+1 
o 
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f o r 1 < n < N - 1 , Use t h e s e q u a n t i t i e s i n (53) t o compute f o r 
1 < n < N " 1 . T h e m^ so c a l c u l a t e d w i l l a l l be p o s i t i v e ; and (54) 
w i l l be s a t i s f i e d b y v i r t u e ^ o f ( 5 6 ) . I t f o l l o w s t h a t t h e i n d i c a t e d 
c h o i c e s f o r b , b , , c , , and \ „ g u a r a n t e e t h a t t h e q u a n t i t i e s k 
o9 I9 I9 2 * n 
and m^ computed b y means o f (53) and (54) a r e a l l p o s i t i v e . By T h e o r e m 
3 . 1 , t h e members o f t h e r e s u l t a n t c l a s s o f H e r m i t e s y s t e m s o f o r d e r N 
h a v e c h a r a c t e r i s t i c p o l y n o m i a l s 
n = 0 , 1 , 2 , . . . , N . 
T h e e x i s t e n c e q u e s t i o n i n t h e L a g u e r r e c a s e can be h a n d l e d r e a d i l y 
b y means o f t h e s y s t e m o f i n f i n i t e o r d e r g i v e n b y J a y n e , I n t h a t e x a m p l e 
j k , m " \ = / n , l l _ . T h u s , i n o r d e r t o p r o d u c e a f i n i t e L a g u e r r e 
* n=o ^ n ~ 
s y s t e m o f o r d e r N , one need o n l y s e l e c t k^ = n f o r 0 < n < N and 
m = 1 f o r 0 < n < N - 1 . T h e r e s u l t a n t c h a r a c t e r i s t i c p o l y n o m i a l s a r e 
n — — 
2 o 2 
cp^(cj ) = D n L n (w ) f n = 0 , 1 , 2 , . . . , N . H o w e v e r , i n o r d e r t o a f f o r d some 
v a r i e t y o f c h o i c e i n t h e c o n s t r u c t i o n s , o t h e r e x a m p l e s a r e now g i v e n . 
T h e n e c e s s a r y c o n d i t i o n s o n b^ and c^ f o r t h e L a g u e r r e - t y p e 
s y s t e m a r e p r o v i d e d b y T h e o r e m 5 . 2 . U n d e r t h e s e s t i p u l a t i o n s , b n and 
c^ a r e p r e s c r i b e d b y (39) and (40) i n w h i c h b^ / b Q ; t h e d i f f e r e n c e 
s y s t e m o f (37) and (38) r e d u c e s t o 
k + k , = m [ ( n - l ) b - n b . ] , n = 0 , 1 , 2 , . . . , N - 1 , (57) 
n n+1 n L o 1 J ' 9 9 9 9 9 
and 
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, 2 
k = m , m 
n n-1 n 
and (52) becomes 
r ( n 2 - n ) ( b Q - b 1 ) 2 
" - 4 + nc , n = 1 , 2 , . . . , N - 1 ; (58) 
4 [ ( n - l ) b - n b . ] [ ( n - 2 ) b - ( n - l ) b ] 
v = _ 2 _ 1 _ ° L - (1 - i ) (59) 
n + 1
 ( n 2 - n ) ( b - b ) 2 + 4nc v n 
f o r 1 < n < N - 1 . I n o r d e r t o h e l p make c l e a r an a p p r o p r i a t e c h o i c e 
o f b Q , b ^ , and c ^ , a lemma i s f i r s t p r o v e d . 
Lemma 5 . 1 . L e t b Q , b p and c^ s a t i s f y o n l y t h e r e q u i r e m e n t s 
b^ < b Q < 0 and > 0 . T h e n a c h o i c e o f s u c h q u a n t i t i e s can be made 
so t h a t [ • ] > [ • ] M . = 4 f o r 1 < n < N - 1 , w h e r e [ • ] i s 
J n - L J N - 1 - - ' L J n 
t h e c o e f f i c i e n t o f ( l - — ) i n ( 5 9 ) . 
n 
P r o o f . T h e c o n c l u s i o n o f t h e lemma i s v a l i d i f and o n l y i f 
( n 2 - n ) ( b - b . ) 2 + ( 2 n - l ) b ( b . - b )+b 2 ( n 2 - n ) (b - b . ) 2 + 4 n c . 
o l o l o o . 0 1 1 
[ ( N - 1 ) - ( N - l ) ] ( b o - b 1 ) > ( 2 N - 3 ) b o ( b 1 - b o ) + b ^ ' [ ( N - l ) ^ - ( N - l ) ] ( b o - b 1 ) ^ + 4 ( N - l ) c 1 
(60) 
n = 1 , 2 , . . . , N - 1 , and 
[ ( N - 1 ) 2 - ( N - 1 ) ] (b - b . ) 2 + ( 2 N - 3 ) b ( b . - b ) + b 2 
o i 0 1 0 O ., / s i \ 
- r „ >• n = 1 . (61) 
[ ( N - l ) " - ( N - l ) ] ( b o - b 1 ) Z + 4 ( N - l ) c 1 
T o s a t i s f y (60) and ( 6 1 ) , i t i s s u f f i c i e n t t o r e q u i r e t h a t 
b o ( b 1 - b o ) ( 2 n - l ) + b Q 2 > 4 n C l , (62) 
n = 1 , 2 , . . . , N - 1 , and 
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b (b - b ) ( 2 N - 3 ) + b 2 = 4 ( N - l ) c . . 
o 1 o o 1 
(63) 
I f (62) and (63) a r e s a t i s f i e d , b ( b x - b Q ) ( N - l - n ) < 2 c ] L ( N - l - n ) j 
b ( b x - b ) 
a n d , c o n s e q u e n t l y , c^ > — • W r i t e 
kb ( b . - b ) 
o 1 o 
(64) 
w h e r e k > 1. T h e n (63) i s s a t i s f i e d i f and o n l y i f 
kb 
c l = 4 ( N - l ) ( k - l ) ' + 2 
(65) 
S u b s t i t u t i o n o f (65) i n t o (64) y i e l d s 
b . = b 
1 o 
1 + 
2 ( N - l ) ( k - l ) + 1 
(66) 
T h e a b o v e c h o i c e s o f b^ and c^ i n t e r m s o f k and t h e n e g a t i v e q u a n ­
t i t y b Q s a t i s f y c^ > 0 , b^ < b Q < 0 , and (63)5 and s u b s t i t u t i o n o f 
t h e s e v a l u e s i n t o t h e l e f t and r i g h t - h a n d s i d e s o f (62) v e r i f i e s t h e 
c o r r e c t n e s s o f t h a t i n e q u a l i t y . T h e p r o o f o f Lemma 5.1 i s now c o m p l e t e . 
T o r e t u r n t o t h e q u e s t i o n o f c o n s t r u c t i n g s y s t e m s o f L a g u e r r e 
t y p e , t h e t e c h n i q u e d e m o n s t r a t e d i n t h e H e r m i t e c a s e f o r t h e c h o i c e o f 
b Q , b ^ , and c^ can a g a i n be u s e d , Lemma 5.1 p r o v i d i n g a g u i d e , 
~ ( k o + k l ) 
C h o o s e k > 0 , k. > k , m > 0 and s e t b - • 1 1 1 — . T h e n 
o ' 1 - o ' o o m 
k b 0 2 
c h o o s e k > 1 and s e t c^ = 4 ^ 1) (k 1) + 2 * F i n a l l y , s e t b^ = 
b Q [ l + 2 ( N - l ) ( k - l ) + 1 ^ F r 0 m t h e p r 0 0 f 0 f L e m m a 5 ' 1 ' Vn+1 - 4 ^ " v " ' 
f o r 1 < n < N - 1 . T h e r e f o r e , s i n c e v . > 2, v > 2 f o r 1 < n < N . 
— — * 1 — n — — — 
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I t f o l l o w s t h a t i f i s c o m p u t e d f r o m ( 5 9 ) , i t w i l l be p o s i t i v e and 
s a t i s f y 
(k . + k ) (k + k _,_.) 
^ n-1 n n n+1 
k z =
 r
 n
 ,
 n
 ^ (67) 
f o r 1 < n < N - 1 . Use t h e s e q u a n t i t i e s i n (57) t o compute m^ f o r 
1 < n < N - 1 . T h e m n so c a l c u l a t e d w i l l a l l be p o s i t i v e ; and (58) 
w i l l be s a t i s f i e d b y v i r t u e o f ( 6 7 ) . T h u s , t h e s e l e c t i o n p r o c e s s g i v e n 
f o r b Q , b ^ , C p and \ ^ y i e l d s a c l a s s o f f i n i t e L a g u e r r e s y s t e m s . 
B y T h e o r e m 3 . 3 , t h e c h a r a c t e r i s t i c p o l y n o m i a l s o f t h e s e s y s t e m s a r e 
<p ( u 2 ) = D L 3 ([LU2 + v ) f o r 0 < n < N , w h e r e a = 2k[ 2 ( N - 1 ) (k -1 ) + l ] - 1 , 
n n 
H = - [ 2 ( N - l ) ( k - l ) + 1 ] , and v = 2 ( k - l ) [ 2 ( N - 1 ) ( k - 1 ) + l ] . 
o 
T w o o t h e r o b s e r v a t i o n s o f i n t e r e s t i n t h e L a g u e r r e c a s e may be 
n o t e d . F i r s t , a n o t h e r e x a m p l e o f an i n f i n i t e - o r d e r L a g u e r r e s y s t e m can 
be g i v e n . T o see t h i s , s e t k = 1 i n t h e f o r e g o i n g d i s c u s s i o n . T h e n 
o 
b 2 
b^ = 2 b Q and c^ ?= a r e i n d e p e n d e n t o f N , and (59) r e d u c e s t o 
v n + l 
= 4(1 - ~ " ) f o r l < n ^ N - l . I f one c o n t i n u e s t o compute v ^ + ^ 
f o r n > N i n t h e l a s t e q u a t i o n , v ^ > 2 f o r n > 1 r e s u l t s . T h e r e f o r e , 
i f k^ and m^ a r e computed f o r n > 0 f r o m (57) and ( 5 8 ) , t h e s o l u t i o n 
p a i r j k n > m n\°° t o t h e e x t e n d e d f i n i t e s y s t e m o f d i f f e r e n c e e q u a t i o n s 
^ ™ n=o 
r e m a i n s p o s i t i v e . I n p a r t i c u l a r , i f k^ = k Q > 0 , t h e n v ^ = 2 f o r 
n > 1 so t h a t | k , m I = j k , - ^ j > . T h e c h a r a c t e r i s t i c p o l y n o m i a l s 
2 
f o r t h e c a s e k = 1 a r e cp ( w 2 ) = D L 1 ( " ^ ) f o r n > 0 . S e c o n d l y , 
n"n ' b Q 
t h e r e a r e many e x a m p l e s o f L a g u e r r e s y s t e m s o f o r d e r N i n t h e c l a s s 
p r e v i o u s l y d e v e l o p e d w h i c h c a n n o t be e x t e n d e d t o an i n f i n i t e - o r d e r L a g u e r r e 
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s y s t e m . A p r o o f o f t h i s a s s e r t i o n b y c o n t r a d i c t i o n f o l l o w s . 
L e t b Q , b p C p and be d e t e r m i n e d as i n t h e f o r e g o i n g 
c l a s s o f e x a m p l e s b u t r e s t r i c t k o n l y b y 
L, N 8 - 5a 1 , / 1 . 3 a 2 ( g - l )
 ( , R , 
w h e r e a i s some c h o s e n i n t e g e r g r e a t e r t h a n o r e q u a l t o 5 . T h a t k 
i s g r e a t e r t h a n 1 i s e v i d e n t . I t w i l l be shown t h a t no member o f t h i s 
s u b c o l l e c t i o n o f f i n i t e L a g u e r r e s y s t e m s can be e x t e n d e d t o an i n f i n i t e -
o r d e r L a g u e r r e s y s t e m . F o r s u p p o s e t h e c o n t r a r y . T h e n , f o r each nonnega^ 
t i v e i n t e g e r n , k^ and m^ o f t h e h y p o t h e s i z e d s y s t e m s a t i s f y (37) 
and (38) and a r e p o s i t i v e . C o n s e q u e n t l y , 
- k 2 b k - b 
k = . m b - k = — ^ - k = k [ ) - 1 ] (69) 
n+1 n n n m , c n n u m , c J 
n - l n n - l n 
must h o l d f o r n > 1. Now i n a n y i n f i n i t e - o r d e r L a g u e r r e s y s t e m i n 
w h i c h k > 0 , 
o 7 
k k b . b . 
n n n _ 1 n
'
1
 < - b , (70) 
m , k , + k k , n - l 
n - l n - l n , n - l 
k 
n 
f o r n > 1. H e n c e , f r o m ( 3 9 ) , ( 4 0 ) , ( 6 9 ) , and ( 7 0 ) , 
k < k \ 4 [ " + 2 ( N - l ) ( k - l ) ] [ n + l + 2 ( N - l ) ( k - l ) ] _ ^ ( 7 1 ) 
n + 1 n
' n 2 - n + 2 n k [ 2 ( N - l ) ( k - l ) + l ] 
m u s t h o l d f o r n > 1. T h e e x p r e s s i o n i n b r a c e s i n (71) m u s t be p o s i t i v e 
f o r n > 1. I n p a r t i c u l a r , t h i s must be t r u e i f n = a ( N - l ) so t h a t 
5 9 
4 [ a ( N - l ) + 2 ( N - l ) ( k - l ) ] [ a ( N - l ) + l + 2 ( N - l ) ( k - l ) ] > ( 7 2 ) 
a ( N - l ) ^ a ( N - l ) - 1 + 2 k [ 2 ( N - l ) ( k - l ) + 1 ] } . 
I n e q u a l i t y ( 7 2 ) i s e q u i v a l e n t t o 
4 ( N - l ) 2 ( 4 - a ) k 2 + [ 4 ( N - l ) 2 ( 5 a - 8 ) + 2 ( N - l ) ( 4 - a ) ] k ( 7 3 ) 
+ [ ( N - l ) 2 ( 3 a 2 - 1 6 a + 16) + ( N - l ) ( 5 a - S ) ] > 0 ; 
a n d , f o r f i x e d i n t e g e r s N > 3 and a > 5 , t h e l e f t - h a n d s i d e o f ( 7 3 ) 
i s a p a r a b o l a i n t h e v a r i a b l e k t h a t o p e n s d o w n w a r d . T h e l a r g e r z e r o 
o f t h i s p a r a b o l a i s g i v e n b y t h e r i g h t - h a n d s i d e o f ( 6 8 ) . E q u a t i o n ( 7 3 ) 
t h e r e f o r e f u r n i s h e s t h e d e s i r e d c o n t r a d i c t i o n . 
T h e a n a l y s i s i n t h e B e s s e l case i s much more d i f f i c u l t t o p e r f o r m 
t h a n i n e i t h e r t h e H e r m i t e o r L a g u e r r e c a s e . T h e added d i f f i c u l t y s t e m s 
f r o m t h e r e l a t i v e l y c o m p l i c a t e d e x p r e s s i o n s f o r b^ and c^ i n ( 4 ) and 
( 4 3 ) and t h e g r e a t e r number o f c o n d i t i o n s o n b Q , b ^ , c ^ , and X 2 t h a t 
must be s a t i s f i e d . H o w e v e r , a t e c h n i q u e s i m i l a r t o t h a t i l l u s t r a t e d i n 
t h e p r i o r t w o d e v e l o p m e n t s o f e x a m p l e s a g a i n p r o v e s s u c c e s s f u l i n p r o d u c i n g 
a c l a s s o f e x a m p l e s o f B e s s e l - t y p e s y s t e m s o f o r d e r N . 
T o s a t i s f y t h e c o n d i t i o n s D = 0 , X 2 f 0 , and X 2 2 » D 0 c a n ­
n o t e q u a l b^ and b Q , b ^ , c ^ , and X 2 must be r e l a t e d b y 
/
4 c 
— ^ . ( 7 4 ) 
( b - b . r + 4 c . 
o l 1 2 4 
T h e c o n d i t i o n 2 - ^ — - < X 2 < 2 i m p l i e s ^ 2 ^ 3 * H e n c e > o n l y t h e 
e x p r e s s i o n c o n t a i n i n g t h e p o s i t i v e s q u a r e r o o t t e r m i s a c c e p t a b l e i n ( 7 4 ) 
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S e t X = 2 -
4N 
— . T h e n a l l n e c e s s a r y c o n d i t i o n s on X 2 a r e m e t ; a n d , 
i n f a c t , X 0 I 2 I M " 2 ) f o r m = 2 , 3 , 4 , . . . . W i t h t h i s c h o i c e o f X 0 , 
' 2 ' m - 1 '
 9
 ' 2' 
t h e r e l a t i o n s h i p b e t w e e n b Q , b ^ , a n d c^ g i v e n b y (74) i s 
( b Q - b 1 ) 2 ( 4 N - 3 ) 2 
C l = 32(4N - l ) ; ( 7 5 ) 
a n d , s i n c e ( N - l ) ( 2 - X 2 ) < 1, t h e p r o o f o f T h e o r e m 5 . 3 shows t h a t b Q 
and b^ must be r e l a t e d b y ( 4 1 ) . T h u s , 
i • u ( N - 2 ) ( 2 N + 3 ) ( 4 N + 5 ) 
b l < b o ( N - l ) ( a 4 5 ) ( 4 N - 3 ) ( ? 6 ) 
m u s t be t r u e . A s i n t h e L a g u e r r e c a s e , a lemma i s a d v a n t a g e o u s a t t h i s 
p o i n t . 
Lemma 5 . 2 . L e t b Q , b ^ , and c^ be r e l a t e d b y (75) and (76) 
and s u b j e c t a l s o t o b Q < 0 , b^ < 0 . T h e n a c h o i c e o f s u c h q u a n t i t i e s 
b b 
can be made so t h a t , t h e c o e f f i c i e n t o f ( l - — ) i n ( 5 2 ) , 
n n 
i s g r e a t e r t h a n o r e q u a l t o 4 f o r 1 < n < N - 1 , w h e r e b^ i s d e t e r m i n e d 
b y ( 4 ) > c n i s d e t e r m i n e d b y ( 4 3 ) , and X 2 = 2 - 4 l ^ + l . 
P r o o f . L e t 
2 N 3 b 
b, = (77) 
1
 2NT + 1 
and 
(4N - 3 ) 2 b 2 
c, = — = p" 2 . (78) 
1
 32(2N° + 1) (4N - 1 ) 
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T h e n (75) and (76) h o l d ; and a s t r a i g h t f o r w a r d c a l c u l a t i o n shows t h a t t h e 
p r o p o s e d i n e q u a l i t y i s e q u i v a l e n t t o 
8 [ 4 ( N - n ) + 7 ] [ 4 ( N - n ) + 3 ] ^ 3 2 N 3 ( N - n ) 2 + 4 8 N 3 ( N - n ) t I O N 3 - 1 6 N 2 n + 8 N n 2 (79) 
+ 1 6 N 2 - 32Nn + 1 0 n 2 + 24N - 15n + s j j j 3 2 N 3 ( N - n ) 2 + 1 1 2 N 3 ( N - n ) 
+ 9 0 N 3 - 1 6 N 2 n + 8 N n 2 + 3 2 N 2 - 48Nn + 1 0 n 2 + 64N - 35n + 3 o J > 
[ 4 ( N - n ) + l ] [ 4 J [ N - n ) + 9] (4N-3) 2 ( 4 N + 1 ) 2 ( 4 N n - 2 n 2 + 5 n ) 
f o r 1 < n < N - 1 . T h e min imum v a l u e f o r e a c h o f t h e t w o t e r m s i n b r a c e s 
i n (79) o c c u r s a t n = N - 1, and t h e s e min imum v a l u e s a r e p o s i t i v e . 
T h u s , f o r 1 < n < N - 1, e a c h t e r m i n p a r e n t h e s e s , b r a c k e t s , o r b r a c e s 
i n (79) i s p o s i t i v e . S i n c e [ 4 ( N - n ) + 7 ] [ 4 ( N - n ) + 3 ] > [ 4 ( N - n ) + l ] [ 4 ( N - n ) + 9 ] 
f o r 1 < n < N - 1 , i t f o l l o w s t h a t (79) can be p r o v e d b y v e r i f y i n g a 
m o d i f i c a t i o n o f (79) i n w h i c h t h e t w o b r a c k e t e d t e r m s o n e i t h e r s i d e o f 
t h e i n e q u a l i t y s i g n h a v e been d e l e t e d . S i n c e b o t h t e r m s i n b r a c e s a r e 
p o s i t i v e , t h e min imum v a l u e o f t h e l e f t - h a n d s i d e o f (79) w i t h t h e two 
b r a c k e t e d t e r m s d e l e t e d o c c u r s when n = N - 1 ; and t h e maximum v a l u e o f 
t h e r i g h t - h a n d s i d e o f (79) w i t h t h e t w o b r a c k e t e d t e r m s d e l e t e d a l s o 
o c c u r s when n = N - 1 . C o n s e q u e n t l y , t o v e r i f y (79) i t i s s u f f i c i e n t 
o n l y t o v e r i f y (79) l e s s t h e f o u r b r a c k e t e d t e r m s when n = N - 1 . A n o t h e r 
r o u t i n e c o m p u t a t i o n shows t h a t when t h i s l a s t c o n d i t i o n i s e x p a n d e d , i t 
i s e q u i v a l e n t t o t h e i n e q u a l i t y 
4 9 , 2 4 8 N 6 - 5 , 1 8 4 N 5 + 3 2 , 8 2 2 N 4 + 3 2 , 4 0 0 N 3 + 6 , 5 4 6 N 2 + 11,097N + 6,021 > 0 , 
w h i c h i s o b v i o u s l y v a l i d . T h e c h o i c e o f b^ and c^ i n t e r m s o f t h e 
n e g a t i v e q u a n t i t y b Q t h e r e f o r e s a t i s f i e s t h e c o n c l u s i o n o f t h e lemma. 
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W i t h t h e a i d o f Lernma 5 . 2 , e x a m p l e s o f B e s s e l s y s t e m s o f o r d e r N 
can e a s i l y be g i v e n . C h o o s e k > 0 , k , > k , in > 0 and s e t b^ = 
' O 1 O O 0 
m 
o 
L e t b^ and c^ be g i v e n b y (77) and ( 7 8 ) , r e s p e c t i v e l y . T h e n , b y 
Lemma 5 . 2 , v > 4(1 - ) f o r 1 < n < N - 1 : and t h e r e f o r e , s i n c e 
' n+1 — v — — ' ' 
n 
v l - 2 ' V n - 2 f o r 1 - n - N * T h u s , i f k^ i s computed f r o m (52) i n 
w h i c h b^ i s g i v e n b y ( 4 ) , c^ i s as s p e c i f i e d i n ( 4 3 ) , and \ 2 = 
4 
2 -
 4 ^ + ^ , t h e n k^ w i l l s a t i s f y 
k " = (k . + k ) (k + k , . ) (80) 
n b b , x n - l n n n+1 
n n - l 
f o r 1 < n < N -1 and w i l l be p o s i t i v e . Use t h e s e q u a n t i t i e s i n (37) t o 
compute m^ f o r 1 < n < N - 1 . T h e m^ so c a l c u l a t e d w i l l a l l be p o s i ­
t i v e ; and (38) w i l l be s a t i s f i e d b y v i r t u e o f ( 8 0 ) . B y T h e o r e m 3 . 5 , t h e 
c h a r a c t e r i s t i c p o l y n o m i a l s o f t h e r e s u l t a n t g e n e r a l i z e d B e s s e l s y s t e m s 
a r e <p ( w 2 ) = D B ^
a
'
2
^ ( n u 2 + v ) f o r 0 < n < N , w h e r e a - ~ ( 4 N + 1 ) , r
n n n - - ' 2 ' 
32(2N-+1) . 4 ( 1 6 N 3 + 4 N + 5 ) 
*
 =
 ( 4 N + l ) ( 4 N - 3 ) b o ' 3 n d V = ( 4 N - 3 ) ( 4 N + 1 ) ^ ' 
T h e e x i s t e n c e q u e s t i o n i n t h e J a c o b i c a s e i s e a s y t o h a n d l e b e c a u s e 
o f p r i o r r e s u l t s b y J a y n e . L e t r be an a r b i t r a r y p o s i t i v e c o n s t a n t . 
T h e n t h e s y s t e m s o b t a i n e d b y s e l e c t i n g p o s i t i v e s p r i n g c o n s t a n t s k^ = k Q r n 
and p o s i t i v e m a s s e s m = m r n f o r n > 0 f o r m a c l a s s o f i n f i n i t e -
n o — 
o r d e r J a c o b i s y s t e m s . H e n c e , i n o r d e r t o p r o d u c e f i n i t e J a c o b i s y s t e m s 
o f o r d e r N , one need o n l y s e l e c t k = k r n f o r 0 < n < N and m = 
7 1
 n o - - n 
m Q r
n
 f o r 0 < n < N - 1 . B y T h e o r e m 3 . 7 , t h e s e s y s t e m s h a v e c h a r a c t e r ­
i s t i c p o l y n o m i a l s < p n ( w 2 ) = D n P ^ a , b / [ l - 2 ( | i u 2 + v ) ] f o r 0 < n < N , w h e r e 
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a = b = 7j , \i = , and v = - — — ( * f r ~ - l ) 2 . T h u s , 
4k o f/7 AJ7 
<p ( u 2 ) = D U [1 - 2 ( u . u 2 + v ) ] f o r 0 < n < N , w h e r e U i s t h e 
T n n n L r - - ' n 
T c h e b y c h e f f p o l y n o m i a l o f d e g r e e n o f t h e s e c o n d k i n d . A n a p p r e c i a b l e 
v a r i e t y o f c o n s t r u c t i o n s i s a f f o r d e d b y t h e a b o v e c l a s s o f s y s t e m s . H e n c e , 
no f u r t h e r e x a m p l e s o f t h e J a c o b i t y p e a r e g i v e n i n t h i s p a p e r . 
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CHAPTER V I 
COMMENTS ON T H E CONSTRUCTIONS OF T H E 
FOUR T Y P E S OF SYSTEMS 
I n C h a p t e r V t h e q u e s t i o n o f t h e o r e t i c a l r e a l i z a b i l i t y f o r t h e 
c o n s t r u c t i o n o f N 
t h 
o r d e r s y s t e m s o f e a c h o f t h e f o u r t y p e s was a n s w e r e d . 
I n t h i s c h a p t e r some r e m a r k s a r e made a b o u t p o s s i b l e c r i t e r i a f o r 
d e c i d i n g w h e t h e r t h e t h e o r e t i c a l l y r e a l i z a b l e s y s t e m s p r e v i o u s l y p r o ­
p o s e d a r e , i n some p r a c t i c a l s e n s e , r e a l i s t i c . T h e d i s c u s s i o n a p p l i e s to 
l i n e a r s y s t e m s o f w h i c h t h e d i s s i p a t i q n l e s s s p r i n g - m a s s c o m b i n a t i o n i s t h e 
p r o t o t y p e and i s p r e d i c a t e d u p o n t h e t h o u g h t t h a t a s y s t e m i n w h i c h a 
h a i r s p r i n g i s a t t a c h e d t o a h u n d r e d - t o n mass s h o u l d p r o b a b l y n o t be c o n ­
s i d e r e d r e a l i s t i c . I n a d d i t i o n , comments and n u m e r i c a l e x a m p l e s a r e g i v e n 
t h a t i l l u s t r a t e c e r t a i n p r o p e r t i e s o f t h e c l a s s e s o f e x a m p l e s p r e s e n t e d 
i n C h a p t e r V . 
T h e q u e s t i o n o f w h e t h e r a g i v e n c o n s t r u c t i o n i s p h y s i c a l l y r e a l ­
i s t i c u l t i m a t e l y d e p e n d s on t h e s i t u a t i o n f o r w h i c h t h e s p r i n g - m a s s com­
b i n a t i o n i s p u r p o r t e d t o be a s u i t a b l e m o d e l . One p o s s i b l e s e t o f c r i ­
t e r i a f o r r e a l i s t i c n e s s i s 
< 5 (81) 
r £ < < 10 , 
10 - m . - ' 
J 
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w h e r e i n t e g e r s i and j v a r y o v e r t h e f u l l i n d e x r a n g e i n a s y s t e m o f 
o r d e r N , t h e l o w e r bound b e i n g 1 i n t h e r e q u i r e m e n t s ; i n v o l v i n g s p r i n g 
c o n s t a n t r a t i o s when k Q = 0 . S u c h c o n d i t i o n s i m p l y t h a t masses w h i c h 
a r e n e a r e a c h o t h e r i n t h e s y s t e m and s p r i n g s w h i c h a r e n e a r each o t h e r 
i n t h e s y s t e m do n o t d i f f e r b y " t o o m u c h , " t h a t t h e o v e r a l l g r o w t h ( o r 
d e c a y ) o f t h e mass and s p r i n g c o n s t a n t v a l u e s r e m a i n s " r e a s o n a b l e , " and 
t h a t t h e n a t u r a l f r e q u e n c i e s o f s u b s y s t e m s c o n s i s t i n g o n l y o f a mass and 
i t s t w o a d j o i n i n g s p r i n g s a r e l i m i t e d t o a r a n g e o f t h e k i n d o f t e n 
o b s e r v e d . F o r c e r t a i n s i t u a t i o n s , t h e s e f i v e r e q u i r e m e n t s m i g h t n o t be 
a p p r o p r i a t e f o r p h y s i c a l r e a l i s m . I n t h e f o l l o w i n g d i s c u s s i o n , h o w e v e r , 
m o s t o f t h e a t t e n t i o n i s f o c u s e d on t h i s s e t o f p r o p e r t i e s . 
F o r t h e c l a s s o f H e r m i t e s y s t e m s p r e s e n t e d i n C h a p t e r V , k ^ > k Q > 0 , 
_ ( k o + k l } k b o 2 
m o > ° ' b 0
 =
 m ' C l = 4 (N - 1 ) f ° r S O m e n u m b e r k i n ( ° » 1 ] » 
and s u c c e e d i n g k n and m a r e d e t e r m i n e d b y (53) and ( 5 4 ) . S e t 
- ( 1 + r ) k o k ( r + * ) 2 k 2 
k , = r k , w h e r e r > 1. T h e n b = , c , = — , 
1 o ' - o m ' 1 „ fL, , x 2 ' 
o 4 (N - 1) m Q 
b, -
 T v , ! ! l . A(-JL-)2 (N - 1 ) . N , k 2 JA(U - l ) r . 1 . O K . _ k i T " ^ ^ ^ i r ^ ^ N - ^ k " k t l T r ) - J 
o o o L ' J 
- § ] - | j > 2 ( 2 N - 3 ) ( N - 2 ) . If a l l f i v e o f c o n d i t i o n s (81) n j y s t h o l d f o r 
t h e s p r i n g - m a s s c o m b i n a t i o n t o be c o n s i d e r e d r e a l i s t i c , t h e p r e c e d i n g 
i n e q u a l i t i e s i m p l y t h a t t h e s e s y s t e m s do n o t q u a l i f y e x c e p t p o s s i b l y 
when N = 3 . I n t h i s c a s e , i f r and k a r e b o t h t a k e n t o be o n e , 
k l = k G ' k 2 = 3 k o ' k 3 = 6 k o ' m l = 2 m o ' m 2 = 2 m o ' a n d 
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k. + k 2k 
_ i i — = - b = — - f o r i = 0 ,1 ,2; and s u c h a s y s t e m i s a c c e p t a b l e 
m. o m ' ' ' 7 r 1 o 
2 k Q 
p r o v i d e d k and m a r e p o s i t i v e and s a t i s f y — < — < 800TI . I t 
o 
i s i n t e r e s t i n g t o n o t e , h o w e v e r , t h a t e v e n t h o u g h t h e r a t e o f g r o w t h 
o f t h e s p r i n g c o n s t a n t s and masses i n t h i s c l a s s o f e x a m p l e s i s p e r h a p s 
u n r e a l i s t i c a l l y r a p i d , t h e n a t u r a l f r e q u e n c i e s o f many o f t h e s y s t e m s 
f a l l w i t h i n a p h y s i c a l l y p l a u s i b l e r a n g e . F o r e x a m p l e , i f r = k = 1 
/ 2 b 
and N = 20, t h e e q u a t i o n s CP (u ) = D H f — — + — — ] , n = 0 , 1 , 2 , . . . ,20, 
N N
^ 2 C 7 J7T 
BECOME CPN(W2) = D n H n Q/5S - L) , n = 0 , 1 , 2 , . . . , 2 0 . T h e n a t u r a l 
f r e q u e n c i e s o f t h i s 2 0 t h o r d e r H e r m i t e s y s t e m a r e d e t e r m i n e d f r o m 
m 2it 
" t "1 
0 + i 
m 
0 .A/38" 
, m = 1 , 2 , . . . , 2 0 , w h e r e i t | 2 0 i s t h e f i n i t e 
^ J m = l 
s e q u e n c e o f z e r o s o f H 2 Q ( x ) ; and a b r i e f c a l c u l a t i o n shows t h a t t h e y 
/ k / k k 
s a t i s f y 0 .079 / — < f < 0 .309 / — . I f — i s c h o s e n so t h a t 
V m m J m m 
T
 O ^ O 0 
10 < / — < 6 0 , t h e n I: < f < 20 f o r 1 < m < 20 . I f 3 < N < 19 
* V m o " 2 m " " " ~ 
and i f r = k = 1, t h e same t y p e o f b e h a v i o r f o r f m , m = 1 , 2 , . . . , N , 
can be g u a r a n t e e d . T h i s i s e a s i l y v e r i f i e d b y i n s p e c t i o n o f a t a b l e o f 
z e r o s o f H n ( x ) f o r 3 < n < 19 [ l ] o r b y u s e o'FI known b o u n d s f o r t h e 
l a r g e s t and s m a l l e s t z e r o s o f H n ( x ) [ 4 ] , 
A l t h o u g h t h e e x i s t e n c e q u e s t i o n f o r H e r m i t e s y s t e m s o f o r d e r 
N > 3 h a s b e e n a n s w e r e d a f f i r m a t i v e l y , t h e l a s t p a r a g r a p h p o i n t s o u t 
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t h a t i t r e m a i n s an o p e n q u e s t i o n as t o w h e t h e r H e r m i t e s y s t e m s o f o r d e r 
N can e v e r be " r e a l i s t i c " i n t h e s e n s e d e s c r i b e d e a r l i e r , s i n c e t h e 
s y s t e m s o f t h e c l a s s u s e d t o p r o v e r e a l i z a b i l i t y do n o t seem t o be 
r e a l i s t i c . F o r a l o w - o r d e r s y s t e m t h i s q u e s t i o n can e a s i l y be a n s w e r e d 
a f t e r some i n s i g h t i s g a i n e d i n t o w h a t r e l a t i o n s h i p s b e t w e e n k Q , k^, 
m , and m, a r e c o n d u c i v e t o a s u c c e s s f u l c o n s t r u c t i o n . F o r e x a m p l e , 
o ' 1 r > 
k i + k , + l k o + k l 
i f — = - b = i s l a r g e e n o u g h t o s a t i s f y t h e n a t u r a l 
m, o m 3 3 / 
1 o 
f r e q u e n c y r e q u i r e m e n t , i f k^ i s c h o s e n as r e l a t i v e l y s m a l l , and i f 
i s t a k e n l a r g e e n o u g h so t h a t t h e v a l u e o f m^ u s e d i n t h e c a l c u ­
l a t i o n o f k^ f o r c e s k^ t o r e m a i n s m a l l and l e s s t h a n o r e q u a l t o 
k^, H e r m i t e s y s t e m s o f t h e d e s i r e d t y p e o f o r d e r 6 o r l e s s can be p r o -
5 1 1 
d u c e d . S p e c i f i c a l l y , s e t k = - , k. = - , m = T £ . - b = 144 and 
K 1 9
 o 2 ' 1 2 ? o 48 ' o 9 
c 1 = ( 1 2 ) 3 . T h e n m 1 = , k 2 = | , m 2 = ~ , k 3 = 1, M 3 = 54 * 
5 25 35 49 7 
k 4 = 3 ' m 4 = ( 144 ) (8 ) ' k 5 = 24 9 m 5 = (144) (30) 9 a n d k 6 = 40 * 
S i n c e m^ = and k^ < 0 , t h i s i s t h e maximum s i z e s y s t e m f o r 
s u c h a c h o i c e o f k Q , k^, m Q , and c ^ . N o t i c e t h a t t h e s y s t e m o f (53) 
and (54) i s h o m o g e n e o u s i n k and m f o r f i x e d b and c. so t h a t 
3
 n n 0 1 
t h e v a l u e s o f k and m may be s c a l e d as d e s i r e d . H e n c e , f o r a n y 
n n 7 9 1 
5 s s s 
p o s i t i v e number s , k = 7: s , k, = - , m = - , m, = r-rr , e t c e t e r a , r
 ' 0 2 ' 1 2 ' 0 48 ' 1 144 9 9 
a r e " r e a l i s t i c " v a l u e s f o r t h e m a s s e s and s p r i n g c o n s t a n t s i n a H e r m i t e 
s y s t e m o f o r d e r 6 o r l e s s . T h e c h a r a c t e r i s t i c p o l y n o m i a l s g e n e r a t e d 
2 y 2 
i n t h i s e x a m p l e a r e g i v e n b y q> n(u ) = E^H^t 1/6 ( j j f i " l ) ] > n = 0 , 1 , 2 , 
6 / ^m 
. . , 6 ; and t h e s i x n a t u r a l f r e q u e n c i e s a r e d e t e r m i n e d f r o m f = - / - — + 
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w h e r e (t 1 ^ i s t h e f i n i t e s e q u e n c e o f z e r o s o f H . ( x ) . I t f o l l o w s 
1 m V i 6 
t h a t 0.381 < f < 2 .674 f o r l < m < 6 . I f a l a r g e - o r d e r H e r m i t e c o n -
m - -
f i g u r a t i o n s a t i s f y i n g t h e s e r e s t r i c t i o n s i s r e q u i r e d , i t seems l i k e l y 
t h a t a s y s t e m a t i c s e a r c h p r o c e d u r e f o r d e t e r m i n i n g a p p r o p r i a t e v a l u e s 
o f k Q , k p m Q , and m^ can be i n c o r p o r a t e d i n t o a c o m p u t e r p r o g r a m . 
T h e p r o c e d u r e d e s c r i b e d i n C h a p t e r V f o r t h e c o n s t r u c t i o n o f a 
c l a s s o f o r d e r L a g u e r r e s y s t e m s was t o c h o o s e k Q > 0 , k^ > k Q , 
- ( k + k x ) k b Q 2 
m Q > 0 , s e t b Q = — 2 - , c h o o s e k > 1, s e t ^ = ^ . ^ . ^ > 
s e t b^ - t » o [ l + 2(N 1) (k 1) + 1 ^ ' a n d * n e n c o m P u t e s u b s e q u e n t k^, 
m^ f r o m e q u a t i o n s (57) and ( 5 8 ) . F o r s y s t e m s o f o r d e r t e n o r l o w e r , 
many c o m b i n a t i o n s o f k Q , k^, m Q , and k l e a d t o s p r i n g - m a s s c o n f i g ­
u r a t i o n s s a t i s f y i n g e a c h o f t h e f i v e c o n d i t i o n s ( 8 1 ) . F o r e x a m p l e , i f 
k = 1 and k^ = k Q , t h e r e s u l t a n t i n f i n i t e - o r d e r L a g u e r r e s y s t e m has 
m 
v a l u e s k = k and m = -£r f o r n > 0. T h e b o u n d on t h e o v e r a l l 
n o n n+1 
1 m i 
g r o w t h o f t h e masses — - j - q < — < 10 f o f i , j = 0 , 1 , 2 , . . . ,N -1 — can be 
3 
met o n l y i f N < 10. I n t h i s c a s e , t h e n a t u r a l f r e q u e n c y r e s t r i c t i o n ~ 
jk. + k . + . 
n < / - ^ - ^ — - — < 40ic f o r i = 0 , 1 , 2 , . . . ,N -1 = 9 — can be s a t i s f i e d o n l y 
2 2 k o ( i + l ) 2 
I F ^ < — 2 < 1600 n f o r i = 0 , 1 , 2 , . . . , 9 . T h e l a s t c o n d i t i o n 
- m -
o 
i s f u l f i l l e d w h e n e v e r k > 0 and m > 0 a r e c h o s e n s o t h a t 
o o 
2 k Q 
75- < — < 80n . I f Ic = k and i f k > 1 i s c h o s e n s u f f i c i e n t l y z — m — l o 
o 
c l o s e t o 1 so t h a t ( k - l ) ( , N - l ) r e m a i n s " s m a l l , " o t h e r L a g u e r r e s y s t e m s 
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o f t h e d e s i r e d t y p e h a v i n g o r d e r l e s s t h a n 10 can be g i v e n . A s t o be 
e x p e c t e d , t h e s e s y s t e m s h a v e v a l u e s o f k^ and m^ much l i k e t h o s e o f 
t h e p r e c e d i n g e x a m p l e w h e n e v e r ( k - l ) ( N - l ) < < 1. A s a n o t h e r e x a m p l e , 
t h e i n f i n i t e - o r d e r L a g u e r r e s y s t e m i n w h i c h <fk ,
 = / N > M L can be c o n -
n=o °^n=o 
s i d e r e d . I n t h i s ' case a l l r e s t r i c t i o n s a r e s a t i s f i e d f o r 3 < N < 20 p r o -
39 I 
v i d e d m > 0 i s c h o s e n so t h a t — < m < — . i f L a g u e r r e s y s t e m s 
o , , n „ 2 — 0 — 2 
1600rt % 
o f o r d e r l a r g e r t h a n 20 t h a t s a t i s f y a l l f i v e c o n d i t i o n s a r e r e q u i r e d , 
no e x a m p l e g i v e n i n t h i s p a p e r f u l f i l l s t h e n e e d . I n t h i s c a s e , w h e t h e r 
s u c h a s y s t e m can e v e r be c o n s t r u c t e d i s s t i l l an o p e n q u e s t i o n . A g a i n , 
h o w e v e r , b e c a u s e o f t h e s t i l l r e l a t i v e l y s i m p l e e x p r e s s i o n s f o r b^ and 
c ^ , i t seems l i k e l y t h a t a s e a r c h p r o c e d u r e f o r a p p r o p r i a t e v a l u e s o f 
k Q , K^, m Q , m^, and k^ can be p rogrammed t o a c o m p u t e r i n o r d e r t o 
r e s o l v e t h i s q u e s t i o n . 
4 
F o r t h e B e s s e l e x a m p l e s g i v e n , \ ~ = 2 - < , , k. > k > 0 , 
2 4N + 1 1 — 0 
- ( k + k , ) (4N - 3 ) 2 b 2 2 N 3 b 
v n , o 1 o , o , 
% > ° J BN = M " » CL = 5 9 BL = ? > A N D 
0 0 m o 1 3 2 ( 2 N 3 + 1 ) (4N - 1 ) 1 2 N 3 + 1 
k n , m^ a r e computed f r o m (37) and ( 3 8 ) , w h e r e b^ i s d e t e r m i n e d b y (4) 
( l + r ) k Q 
and c b y ( 4 3 ) . S e t k, = r k , w h e r e r > 1. T h e n b = - — , 
n 7 1 o ' - o m 9 
o 
( 4 N - 3 ) 2 ( l + r ) 2 k Q 2 H m, 2 [ a | 3 + l ] 2 ( 4 N . l ) 
c = r = • - • , r - = r > 1, and = 3 2 ( T ^ : ) - 5 
1
 3 2 ( 2 N J + l ) 2 ( 4 N - l ) m o 2 0 m o 1 + r ( 4 N - 3 ) 2 
5 
> 8 N . C o n s e q u e n t l y , no one o f t h e g i v e n e x a m p l e s o f B e s s e l s p r i n g - m a s s 
c o m b i n a t i o n s f a l l s w i t h i n t h e b o u n d s p r e s c r i b e d b y t h e f i v e c r i t e r i a ( 8 1 ) . 
S m a l l - o r d e r B e s s e l s y s t e m s can be p r o d u c e d t h a t l i e w i t h i n t h e t o l e r a n c e 
l i m i t s , b u t t h e c o m p u t a t i o n i n v o l v e d i s t e d i o u s . A c o m p u t e r s e a r c h 
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p r o g r a m f o r d e v e l o p i n g e x a m p l e s o f B e s s e l s y s t e m s h a v i n g t h e r e q u i r e d 
p r o p e r t i e s m i g h t be p o s s i b l e , b u t i t w o u l d p r o b a b l y be more s o p h i s t i c a t e d 
t h a n o n e f o r t h e H e r m i t e o r L a g u e r r e c a s e s b e c a u s e o f t h e g r e a t e r com­
p l e x i t y o f t h e e q u a t i o n s i n v o l v e d . 
T h e J a c o b i s y s t e m s p r e s e n t e d h a v e k = k r n f o r 0 < n < N and 
7 1
 n o - -
m n = m o r n ^ o r 0 < n < N - 1, w h e r e r i s an a r b i t r a r y p o s i t i v e c o n ­
s t a n t . T h e f i v e s t i p u l a t i o n s t o be met i m p l y t h a t k Q , m Q , and r 
must s a t i s f y | < r < 3 , : ~ < r 1 " ^ < 10 f o r i , j = 0 , 1 , 2 , . . . , N - 1 , 
r T T < r < 20 , and n < — - ( l + r ) < 1600 TZ . Many s u c h v a l u e s o f k , 
2 0 — — 7 — rn — 1 • o' 
o 
m^, and r can be c h o s e n f o r a s p e c i f i e d v a l u e o f N , b u t t h e r a n g e 
o f p e r m i s s i b l e v a l u e s o f :r i s c l e a r l y d i c t a t e d b y t h e s i z e o f N . 
F o r l a r g e v a l u e s o f N , r i s f o r c e d t o be v e r y c l o s e t o 1. 
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CHAPTER V I I 
A SUMMARY OF T H E MAJOR RESULTS 
T h e p u r p o s e o f C h a p t e r V I I i s t o p r o v i d e a c o n c i s e l i s t i n g o f t h e 
m a j o r c o n c l u s i o n s o f t h i s p a p e r . R e l e v a n t c h a p t e r and page n u m b e r s a r e 
i n c l u d e d w i t h i n t h e l i s t t o s e r v e as an a i d t o t h e r e a d e r . 
( l ) H e r m i t e , e x t e n d e d g e n e r a l i z e d L a g u e r r e , e x t e n d e d g e n e r a l i z e d 
B e s s e l , and g e n e r a l i z e d J a c o b i p o l y n o m i a l s e q u e n c e s , each h a v i n g more t h a n 
t h r e e t e r m s , can be c h a r a c t e r i z e d i n t e r m s o f t h e c o e f f i c i e n t s o c c u r r i n g 
i n t h e r e c u r s i v e r e l a t i o n ( l ) t o w i t h i n a d e t e r m i n a b l e l i n e a r change o f 
v a r i a b l e and c o m p u t a b l e m u l t i p l i c a t i v e f a c t o r s i n d e p e n d e n t o f x ( s e e 
C h a p t e r I I I , T h e o r e m s 3.1 3 . 8 ) . N o t e : F o r i n f i n i t e s e q u e n c e s , t h e 
i n t e g e r N a p p e a r i n g i n t h e s e t h e o r e m s must be t h o u g h t o f as h a v i n g 
i n c r e a s e d w i t h o u t b o u n d b e f o r e t h e t h e o r e m s a r e a p p l i e d . 
(2) A p r o p e r t h r e e - t e r m r e c u r s i v e f i n i t e S t u r m - L i o u v i l l e p o l y n o m i a l 
H e r m i t e , e x t e n d e d g e n e r a l i z e d L a g u e r r e , e x t e n d e d g e n e r a l i z e d B e s s e l , g e n ­
e r a l i z e d J a c o b i , o r one o f t w o o t h e r unnamed k i n d s ( s e e C h a p t e r I I I , p p . 
(3) T h e s y s t e m o f d i f f e r e n c e e q u a t i o n s g ^ ( n ) = g 2 ( n ) = 0 t h a t 
f i r s t a r o s e i n C h a p t e r I I o f [ 2 ] can be s o l v e d i n c l o s e d f o r m o v e r e i t h e r 
a f i n i t e o r i n f i n i t e i n d e x r a n g e , p r o v i d e d t h a t n e i t h e r o f t h e e q u a t i o n s 
has a s i n g u l a r p o i n t ( s e e C h a p t e r I V , p p . 3 6 - 3 9 ) . T h i s s o l u t i o n s i m p l i f i e s 
t h e a p p l i c a t i o n o f t h e t h e o r y d e v e l o p e d i n C h a p t e r I I I and some o f t h e w o r k 
s e q u e n c e i n w h i c h N > 3 must be e x a c t l y one o f s i x t y p e s : 
2 3 - 3 5 ) . 
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d o n e i n [ 2 ] . N o t e : E v e n i f t h e d i f f e r e n c e e q u a t i o n g ^ ( n ) = 0 has a 
s i n g u l a r p o i n t , i t s s o l u t i o n i s s t i l l known ( s e e [ 2 ] , p p . 1 7 - 2 0 ) . 
(4) F o r an a r b i t r a r y p r e a s s i g n e d p o s i t i v e i n t e g e r N , i t i s p o s ­
s i b l e t o b u i l d l i n e a r d i s s i p a t i o n l e s s s p r i n g - m a s s s y s t e m s h a v i n g 
s e c u l a r p o l y n o m i a l s o f H e r m i t e , L a g u e r r e , B e s s e l , o r J a c o b i t y p e f o r 
1 < n < N ( s e e C h a p t e r V , p p . 5 1 - 6 3 ) . 
(5) L i n e a r d i s s i p a t i o n l e s s s p r i n g - m a s s s y s t e m s o f L a g u e r r e t y p e 
a l w a y s l e a d t o c l a s s i c a l g e n e r a l i z e d L a g u e r r e s e c u l a r p o l y n o m i a l s , b u t 
l i n e a r d i s s i p a t i o n l e s s s p r i n g - m a s s s y s t e m s o f t h e J a c o b i t y p e can l e a d 
t o e i t h e r c l a s s i c a l J a c o b i o r g e n e r a l i z e d J a c o b i s e c u l a r p o l y n o m i a l s ( s e e 
C h a p t e r V , p p . 4 5 , 4 9 , and 5 0). N o t e : I n t h e i n f i n i t e - o r d e r s y s t e m , 
g e n e r a l i z e d J a c o b i p o l y n o m i a l s c a n n o t o c c u r ; f o r i n t h i s c a s e > 2 
( s e e T h e o r e m 5 . 4 and l e t N t e n d t o i n f i n i t y ) , and t h e r e s u l t on p a g e s 
49 and 50 can be a p p l i e d . 
(6) A f u r t h e r i n v e s t i g a t i o n i n t o t h e p o s s i b i l i t y o f d e v i s i n g 
e f f i c i e n t n u m e r i c a l p r o c e d u r e s f o r t h e c o n s t r u c t i o n o f " r e a l i s t i c " f i n i t e 
l i n e a r d i s s i p a t i o n l e s s s p r i n g - m a s s c o m b i n a t i o n s o f e a c h o f t h e f o u r t y p e s 
( H e r m i t e , L a g u e r r e , B e s s e l , and J a c o b i ) r e m a i n s t o be p e r f o r m e d . 
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